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Abstract

We discuss a recent computational hypothesis, developed based on work in psy-
chology and neuroscience, for computing a scale-invariant timeline of future events.
This hypothesis efficiently computes a model for future time on a logarithmically-
compressed scale. Here we show that this model for future prediction can be used
to generate a scale-invariant power-law-discounted estimate of expected future
reward. The scale-invariant timeline could provide the centerpiece of a neurocogni-
tive framework for reinforcement learning in continuous time.

1 Introduction

In Reinforcement Learning (RL), an agent learns how to optimize its actions from interacting with
the environment, aiming to maximize temporally-discounted future reward. The standard approach
to RL is to consider each different configuration of the environment as a different state, assuming
the Markov property [Sutton and Barto, [1998]]. The objective is then to learn a value of temporally
discounted expected future reward for each state. This approach turned out to be tremendously useful
and efficient in numerous practical applications (see e.g. Mnih et al.|[2015]).

However, this approach has several limitations when applied in real-world environments and it differs
from how humans and other mammals accomplish RL. Specifically: 1) Representing time with
discrete states requires choice of a time scale. 2) RL algorithms based on Bellman equation require
choosing a time scale for exponential discounting. 3) Representing value with a scalar obscures
temporal information. 4) Markov assumption that the future depends only on the current state is not
in general property of a realistic world.

Here we propose an approach that constructs a representation that can be useful for learning (including
RL) and that has some desired properties: treating time as a continuous log-compressed dimension
with stimuli (no states), capturing temporal relationships among the stimuli beyond the Markov
property and power-law temporal discounting. In addition, this representation provides scannable
log-compressed compressed future timeline that for each time step in the future gives a probability
distribution over all the stimuli (simialr distributional models in classical RL, but with stimuli rather
than states and with log-compressed time). One can compute the expected discounted future reward
by simply integrating over such timeline. Moreover, the timeline can be used in a more model-based
way as the available information is a function over internal time, rather than a scalar equivalent to
value.
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Figure 1: Constructing a scale-invariant compressed memory representation through an integral transform
and its inverse. A transient input stimulus f(¢) (top row) is presented twice and feeds into a layer of leaky

.

integrators F(¢, ;) with a spectrum of time constants T constituting a discrete approximation of an integral
transform (middle row). The transform is denoted as L since it is equivalent to the real part of the Laplace

transform. Only three nodes in F(¢, 7*') are shown. Each leaky integrator is characterized with its time constant,
7.F projects onto (¢, ;) through a set of weights defined with the operator denoted as L;! which implements
an approximation of the inverse of the Laplace transform. Nodes in f (¢, 7*') activate sequentially following the
stimulus presentation creating a memory representation. The width of the activation of each node scales with the

peak time determined by the corresponding T, making the memory scale-invariant. Logarithmic spacing of the T
assures that the memory representation is compressed.

2 Constructing log-compressed timeline of the future

One approach to estimating discounted future values would is to directly estimate future events
and then evaluate their value. This “model-based” approach has been extensively studied as an
alternative to recursive value estimation such as TD learning. The disadvantage of model-based
approaches is that it is typically assumed that estimation of distant time points is computationally
costly, with the number of steps requiring estimation of events /N time points in the future going
up linearly in N. Moreover, because power-law discounting implies a long tail for many choices
of exponent, explicit estimation of the future seem to be prohibitively expensive computationally.
Here we propose that an efficient estimation of future events using a recent proposal [Shankar et al.,
2016] inspired by results from psychology and neuroscience enables a solution to this problem by
computing estimates of the future along a logarithmically-compressed timeline. Using this approach,
the estimate of events N time points in the future goes up like log N. This approach will result in
scale-invariant power-law discounting. Moreover, logarithmically-compressed timeline of expected
future events is a particularly powerful representation that can be used for rapid scanning through
imaginary future trajectories. It expands the scalar representation of expected future value into a
functional representation over internal estimate of future time. The construction of this representation
critically depends on having an analogous memory representation: we use log-compressed memory
representation [Shankar and Howard, 2013]] to construct symmetric log-compressed future estimation.

This approach requires three key components, a compressed memory representation, an associative
memory between the compressed memory representation and ability to do time-local temporal
translation. We first briefly describe the overall mechanism of the model and then in the sequel focus
on more thorough description of the key components.

Let us start by assuming that we are presented with a vector-valued input f(¢), where f spans the
space of all possible stimuli. At each time point we maintain the real-value Laplace transform of the

input up to the current time step, F (¢, 7) = Lf(¢' < t). An approximation of the Laplace transform is
implemented as a set of leaky integrators with a spectrum of time constants. The compressed memory
representation is a fuzzy estimate (better resolution for more recent than for more distant events)

of the input function f(¢) computed by a linear operator f(t, 7) = L;'F(t, 7). The variable T is in
one-to-one relationship with the Laplace domain variable and is chosen such that f (t, 7*') provides a
fuzzy estimate of the value of f a time 7 in the past at time ¢. Figureprovides a graphical summary

of the properties of F and f. The inverse operator L;! will be described in detail below. Briefly, it is a
linear operator that can be implemented as a one-layer feedforward network. An associative memory

M associates the states of the compressed memory representation f (t, ;) to the current state of the
stimulus £(¢). In this way f(¢, 7) functions like a temporal context for f(¢) [Howard and Kahana,
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Figure 2: Constructing a scale-invariant future using an associative memory. a. Scale-invariant
dynamical compressed memory representation. Stimuli A, B (non-rewarding) and R (rewarding) presented
at different times (top row) induce a logarithmically spaced spreading sequential activation (bottom row)
corresponding to f (¢, 7*') Activation corresponding to different stimuli are represented with different colors. For
clarity, only a handful of 7 nodes are displayed. b. For each value of T temporal associations across stimuli are
stored in the compressed associative memory M. The state in M predicting stimulus A is shown in blue, the
state predicting stimulus B is show in red. In this example, A was followed by B and R resulting in strong,
temporally-precise association for B at a small value of 7 and weaker, less temporally precise association with
R at a larger value of 7 (blue trace at the middle and at the bottom plot). Similarly, B was followed by R
resulting in association between the two (red trace at the bottom plot). ¢. Memory of the recent past, f(¢, 7*'),
and the estimated near future, p(¢, §). We consider again the sequence [A, B, R] and for simplicity assume that
the agent has previously experienced this and only this sequence. When the sequence is repeated again, after
stimulus A has been presented (blue vertical bar) the agent predicts B and R in the future. The peak of the
prediction corresponding to B (red trace) is closer to the origin, larger and more narrow than the peak of the
prediction corresponding to R (green trace). This is because the time interval between A and B is shorter than
the time interval between A and R. The memory trace of A is equal to zero since both B and R occur after A,
so there are no stimuli in the recent past of A. After B is presented (red vertical bar), R is predicted and A is in
the memory trace. After R is presented (green vertical bar), both A and B are in the memory trace, such that B
is closer to the origin and represented with a larger and more narrow peak than A.

2002]. In this framework, we can estimate future states of f, f(¢ + ¢) by probing the associative
memory with f (t+94, ;) This is accomplished by implementing a translation operator in the Laplace

domain operating on F (¢, 7) to obtain an estimate of F (¢ 4 4, 7). Figure [2| summarizes the properties
of the associative memory and translation operator graphically.

We describe these mathematical operations in more detail below. The subsection “Computing value
...” will demonstrate that this approach implements power-law temporal discounting. Here we note
several important points before describing the mathematical details. First, the temporal resolution of
f is on a logarithmic scale [Shankar and Howard, |2013|}; f is a scale-invariant estimate of the past
values of f. Second, because of the properties of L;', the translation operator can be understood as a
continuous change in the values of the weights of L;!. This means that one can translate § steps in
whatever period of time is necessary to fix the weights in L;!. Detailed consideration of a mechanistic
neural network model inspired by findings from neurobiology suggests that scale-invariant translation
is implemented in the brain as a logarithmically-compressed sweep through successive values of §
[Shankar et al.| 2016]. Identifying this sweep through the future with hippocampal theta oscillations
provides a concise account of numerous findings from the place cell literature and suggests that
the brain can sweep through a future trajectory in a few hundred milliseconds, implementing a fast
estimate of the future.

2.1 Constructing dynamical compressed memory representation of the recent past

We first define an input vector f consisting of NV elements such that each its element corresponds to a
unique stimulus. Thus observing stimulus A makes an element in f that corresponds to stimulus A,
fa,equal to one for the time A is presented and zero otherwise. Each element of the input vector f
has a dynamical compressed memory representation which is constructed as a two layer feedforward
neural network with fixed, analytically derived weights (see Shankar and Howard [2012, [2013] for
a detailed derivation). The first layer of the network implements an approximation of an integral
transform of the input (Laplace transform, but as a function of a real rather than a complex variable).

This means that nodes in the first layer, F (¢, 7*'), act as leaky integrators (first order low-pass filters)



with a spectrum of time constant k/ 7, where k is positive integer (Figure :

F(t,7) &k

- —EF(t,T) +£(2). (1)

Leaky integrators project to the second layer, f, through fixed weights that implement an approxima-
tion of the inverse of the transform by applying a k‘"* order derivative with respect to k/ 7, denoted as
F(*)(t,7). The inverse is derived based on Post’s inversion formula [Post, [1930]:

5 k‘ k+1
f(t,7) = Cy () F®) (¢, 7), 2)

T

where CY, is a constant that depends only on k. The cells in the second layer constitute a dynamical
memory representation of the input signal. To understand the properties of the memory representation
we consider an impulse response of a cell in f. For f4(7) = §(7 = 0) the corresponding activation
of the cells in the second layer is:

. 1/t\* e
Falt,7) = Cr () e '3, 3)

T T

where C}, here is a different constant that depends only on k. The activity of each node in f Al(t, 7*') is

k t
. . . . —ki
the product of an increasing power term (i) and a decreasing exponential term e 7. Consequently,
T

each node in f4 (t, ;) has a peak that corresponds to the 7 value of that node: CUAT(:’T) —0=>t=r1.

Thus, following a transient input, cells in f 4 activate sequentially in time constituting a dynamical
memory representation of the input A. This memory representation has perfect accuracy in the limit
when £ — oo (when it effectively becomes a shift register). In our implementation where k is finite

and 7 is a discrete variable supported with a limited number of nodes, the memory representation
becomes an approximation of the past. The approximation is scale-invariant since the width of the
activation of each node scales with the peak time (this is scale-invariant since rescaling the temporal
axis rescales the width of the activation by the same amount). In other words, the accuracy of the
memory representation decreases with the elapse of time since the stimulus presentation. With

appropriately distributed 7 the representation can be made logarithmically compressed.

Fi gure shows the sequential, spreading activation with logarithmically spaced 7 for three different
transient stimuli. This implementation is neurally plausible as described in [Howard et al.| [2014].
See [Tiganj et al.|[2015]] and Tigan;j et al.|[2013]] for arguments on biological plausibility of leaky
integrators with a spectrum of time constants. Neurons with firing properties resembling those in
Figure [2h have been found in several brain regions, including hippocampus [MacDonald et al., 2011},
Salz et al.l 2016]], prefrontal cortex [Tiganj et al.,2016] and striatum [Mello et al., 2015]].

2.2 Constructing compressed associative memory

At each time step ¢, an associative memory tensor M (¢) is updated with the outer product of the
input vector f and the dynamical compressed memory representation f. Hence M () is a three-tensor
that stores the temporal relationships compressed along the T axis across the space of all the stimuli
(Fig. 2b):

AM(t;7) = |£(1)) (F(t, 7)) - (4)

The dimensions of the three-tensor M(t) are N x N x L, where L is the number of 7 nodes. With
the three-tensor constructed in such way and in the limiting case when k& — oo, an element in 7*" row,

4" column of M(t; 7*') will be proportional to the number of times the stimulus ¢ followed stimulus j
after a time 7. In the limiting case when f takes the form of a shift register, and column-normalized
M{(¢t; 7), which we shall denote by M(£; 7), will give an exact measure of the conditional probability
of observing stimulus ¢ given that the stimulus 7 was observed T time ago.



2.3 Estimating a future timeline: Method 1 operating on a state with a multi-scale
associative matrix

Given M(t; 7*') we can at time ¢ readily estimate a prediction of future outcomes as a function of
future time § = —7 > 0 as

p(t;8) = M(t; 7) [£(t)) (5)

We can understand p(¢; 0) as a set of units indexed by § = —7. Because Eq. is scale invariant, this
prediction will also be scale invariant in time. Note that the amount of time needed to compute a
future time d does not depend on the value of 4. Also note that the prediction is a sum over future
outcomes.

2.4 Estimating a future timeline: Method 2 time-local temporal translation

Another approach to constructing a future timeline follows from the observation that Eq. [I]is the
Laplace transform of the past history. This means that future states of the memory representation
(under the assumption of no new inputs) can be obtained by applying a linear translation operator

R’ = ¢=*9/7 on the leaky integrators, where 0 is the time by which the memory representation is
translated [[Shankar et al., 2016].

p(t;8) = M(t;7) Li) R® [f(¢)) 6)

In this approach, one could understand § as being set successively and swept through a range of
values from 0 to some large number. Previous work [Shankar et al., 2016] has argued that in order
to preserve scale-invariance this sweep should be compressed such that the time taken to sweep
should accelerate exponentially as § increases from zero. |Shankar et al.|[2016] further argued that
results from neurophysiology experiments suggest that translation corresponds to hippocampal phase
precession [O’Keefe and Reccel [1993]], suggesting that the entire sweep is completed in the brain
within about 200 ms.

2.5 Properties of the timeline

Although the two methods described above are somewhat different in their mechanism, they both
produce a similar outcome. Figure [3]illustrates the basic properties. Because the representation of
the past is scale-invariant, the model naturally produces a scale-invariant estimation of the future.
Note that events further in the future are predicted with lower temporal resolution. It can be shown
that this function over future time is scale-invariant; rescaling time results in a prediction of the
same functional form. Moreover, this approach does not simulate a single path leading forward from
the future. It rather results in an estimate of the future trajectory of events, averaged across paths.
However, unlike methods that sum over time points (in particular, by computing expected future
value using the Bellman Equation) this method preserves the relative temporal order of future events.
This is quite powerful in that one can imagine a decision-maker using this future timeline flexibly in
a way that would not be possible simply from a cached value.

As such, these methods provide an intriguing complement to traditional model-based methods. The
amount of time to compute an estimate of a point in the future does not depend on the distance in
the future using Method 1; for Method 2 the amount of computational time goes like the log of
the point in the future. Moreover, if one accepts the argument that translation corresponds to theta
phase precession [[Shankar et al.,|2016]], translation can be accomplished quickly on a cognitive time
scale in the brain. However, unlike traditional model-based methods for simulating the future, these
methods cannot provide separate information about separate paths, providing only information about
the expected future.

2.6 Computing value by probing the association memory with the time-translated input

One utility of having a compressed timeline of the expected future events is the ability to rapidly
(since the future time is log-compressed) integrate over the timeline and compute a scalar value of
expected future reward. Value can be given either to individual stimuli by probing the temporal
associations stored in M this time with a time-translated stimulus representation (Fig. [2c):

va(t,8) = (x| M(t; 7) R® |[Fa(t, 7)), (7
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Figure 3: Compressed future timeline constructed for a continuous world with complex temporal dynamics.
Top: a set of contingencies in which a variety of states follow from state A at various temporal lags. Bottom: An
estimate of the representation that comes from translating f a differing values of § (here labeled as “Simulated
time”). The model produces an estimate of the outcomes that will arrive in internal future time. The estimate
sums over branches of the tree but does not sum over future time. Note that the prediction of E at time 4 is large
even though it is reached from different branches.

where v4(t,0) is the prediction of reward at time ¢ 4+ § computed at time ¢ after probing with the
stimulus A. r is a vector of length IV that denotes the amount of reward given by each stimulus. The
value of a stimulus is computed as an integral of the prediction over the future time:

Va(t) = / va(t,8)g(8)do, ®)

where V(%) is a value of the stimulus A presented at time ¢. The prediction is scaled with a function
g(8). We set g(6) = 1/6* with & > 1 to accomplish power-law scaling (Figure [4h). V4(t) provides
a power-law discounted estimate of the future reward (Figure [4p and Figure k).

In a probabilistic world where we transition through different states obeying the Markov property,
the above mechanism for computing the value of a stimulus based on future reward will exactly
converge to the statistically expected future reward value. The convergence of the proposed approach
is analogous to the convergence of TD learning as proved for TD(0) in Sutton|[1988]] and for TD(\)
in Dayan| [1992]]. This is because when computing V4(¢) in Equation (8) we are summing the
conditional probability of observing all rewarding states over all time lags (see appendix where this is
explicitly shown).

2.7 Methods for non-Markov statistics

Because they predict a trajectory from only the currently available state, the computational approaches
above are suitable for worlds with Markov statistics. However, one can imagine worlds with much
more complex temporal relationships. Although the number of possible generating functions is in
general quite complex, one can generalize this approach to a simple extension. Suppose the world
provides a number of stimuli. (Unknown) subsets of these stimuli predict one another according to a
Markov process, but the time lag between these observations is not known.

If the Markov processes are independent of one another and the time scales between them are suffi-
ciently large, one could effectively model this world by maintaining a scale-invariant representation
of the entire history. In this case, one can construct an analog of Method 2 by time-translating the
entire compressed memory representation:

p(t,8) = M(t;7) Li! R® |F(t,s)), ©)

where p(t,d) is a prediction vector across the stimulus space computed at time ¢ of the stimuli
expected to occur at time ¢ + 0. Notice that the entire content of the present state of the compressed
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Figure 4: Scale-invariant value computation. a. Constructing prediction of the future reward. An agent
observed a temporal sequence consisting of a non-rewarding stimulus A, followed by five rewarding stimuli, R
to R5 (solid lines). After observing the sequence, the next time A is presented, the agent computes a prediction
for each of the five rewarding stimuli (dashed lines with colors corresponding to the rewarding stimuli). The
prediction is less accurate for rewards that come later in time: 1) amplitude of the prediction decreases in a
power-law fashion, 2) the width of the prediction increases with time such that if the time axis was plotted with
logarithmic spacing the half-width of the prediction would be the same for all five rewarding stimuli. b. and c.
Power-law discounted value on lin-lin axes (plot b) and log-log axes (plot ¢). Value is computed as an integral of
the prediction. To illustrate the power-law discounting, we computed the integral separately for each of the five
rewarding stimuli (surface under the dashed lines on plot a). Stars represent the exact value of the integral for the
rewarding stimulus of corresponding color and the blue line is a power-law function with the exponent of —1.

memory representation is used to construct the estimate of the future. Thus the temporal structure of
the history will affect this estimate of the futureﬂ

The impulse response of the memory nodes translated in time by J, which we can refer to as
f(t + 0,7) = L{ROF(s; t) has the following form:

k
~ * 1 _ ks
f(t—i—&,r):Ck*(tté) eFE (10)
T T

Here Cy, is the same as in Equation 3]

3 Discussion

The Bellman Equation and related approaches [Dayanl |1993]] can be understood as an attempt to
estimate the outcomes that follow from a particular state. The idea behind this strategy is that it
is ineffecient or unbiological to simply hypothesize that the future is directly computed. In this
paper, we described several methods for directly computing an estimate of the future. These methods
provide information about the averaged set of observations that will follow a particular state. They
are computationally efficient, especially insofar as they are well-suited for problems in which stimuli
are embedded in continuous time. Because the representations of the past and the future are both
scale-invariant, it is not necessary to have a strong prior belief about the relevant time scale of the
problem one is trying to solve. Although the estimates of the future converge slowly relative to
TD learning in a world governed by Markov process at which states come once per time step, this
condition does not describe many real-world learning situations. In worlds with continuous time and
processes operating simultaneously at multiple scales, the number of states necessary to describe
those statistics as a Markov process grows astronomically, so that the advantages of fast convergence
via TD learning may not actually be of use. Several decades of work on RL approaches have built an
impressive array of techniques suitable for a wide range of practical problems. Perhaps scale-invariant
representations of future timelines could give rise to a related family of approaches.

'One could also construct an analog of Method 1 that incorporates the entire temporal history to construct an
estimate of the future using a single feedforward projection. However this would require a very high number of
connections between units coding for the point of future time and units coding for points of past time. Moreover,
one would have to train those connections non-locally. Perhaps this would be possible if translation takes place
during learning, perhaps corresponding to offline replay events.
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