A Calculus

--- Fun applications
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A Calculus Formalism (Grammar)

Keywords: . . () terminals

Defining A-term:

term — variable €8, X Y
(term) eg., (x) ()
A variable . term €.8., AX . X
term term e.g., (Ax.x)y
Humans can give meaning to those
symbols to describe computations.




A Calculus Formalism (Rules)

a-reduction  (renaming)
Ay M— Av. M|y V]

where v does not occur 1n M.

B-reduction  (substitution)
Ax.M)T—gM[x">T]

g
Replace all bounded x

\owaith T
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Numbers

e The natural numbers had their orlgms in
the words used to count things B

e Numbers as abstractions

pred (succ N) —g N
Esucc (pred N) —
pred (0) —

succ (zero) —g 1




Defining Numbers

c0=Afx.x
e 1= A fx. f(x)
* 2= A fx f(f (X))

In Church numerals, n is represented as a
function that maps any function f to its n-
fold composition.



Defining succ and pred

succ=Anfx.f(nfx)

pred =Anfx.nlgh.h(gf)) hux)(huu)
0=Afx.x

succ 0 —; ?



Defining succ and pred

succ=Anfx.f(nfx)
pred =Anfx.nlgh.h(gf)) hux)(huu)

0O ifn=0
pred(n) = -
n—1 otherwise

pred 0 —q
pred 1 —;



pred O
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pred 1
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Making Decisions

e \What does decision mean?

— Choosing different strategies depending on
the predicate

- fTMN—> M
§IfFMN—>N

e What does True (T) mean?

— True is something that when used as the
first operand of if, makes the value of the if
the value of its second operand
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Finding the Truth

if=Apca.pca
T=Axy.x
F=Axy.y

ifTMN

(Ahpca.pca)(hAxy.x)) MN

—g(Aca.(Axy.x)ca)) MN
—g(Aca.c)MN

Try out reducing
(if FTF) on your
own now!
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and and or?

e and = A xy.(if xy F)
—ehxy((pea.pea)xy P
s hx ey F)

(%

—gAxy.(xy (Auv.v))

eor=Axy.(ifxTy)
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Defining List

List is either
(1) null; or
(2) a pair whose second element is a list.

How to define null and pair then?
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null, null?, pair, first, rest

null? null —g T E
null? ( pair MN) —g F

first (pair MN ) — M
rest (pair MN) —g N
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null and null?

* null = Ax.T
* null? = Ax.(x Ayz.F)

+ null? null -5 (\x.(x dyz.F)) (Ax. T)
—5 (\x. T)(yz.F)
— T
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pair, first, rest

e A pair (a, b) = “pair a b” is represented as
ANz.zab

® pair=Axyz.zxy

e first=Ap.pT

erest=Ap.pF

e first (pair M N)

—g(Ap.pT)(pair M N)

—g(pair MN)T —g(Az.zMN) T

—sTMN

—>BM
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The Power of A Calculus

Able to simulate Universal Turing Machine
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ﬂ Read/Write Infinite Tape
¢/ Mutable Lists
ttttt N @/\D Finite State Machine
o v Numbers
Finite State Machine Processing
¢ Way to make decisions (if)
v Way to keep going
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