Fuler’s Theorem
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Objectives

* Exercises on extended Euclidean algorithms

* Exercises on applications of Chinese Remainder Theorem

e Fermat’s little Theorem and Euler’s Theorem

e Mental calculation on modulo arithmetic




Find x, y € Z such thatax + by = gcd(a, b) ?
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egcd : Int -HInt /> (Int, Int, Int)

egcda1=(,1,1)

egcd a0 =(1,0, a)
egcdabla<b=Ilet(x,y,d)=egcdbain(y, x, d)

| otherwise = let (x,y, d) =egcd b (a mod b)
g=a div b
in (Y! X'y*q! d)




Find integer x, y such that

egcdabla<b=let(x,y,d) =egcd bain(y,x,d)

S*é'l' 7"\‘yj= 1 otherwise = let Gy, d)= egcd b.(a ‘mod‘tb_)-
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Find integer x, y such that
12*x + 8*y =4




egcd :: Int -> Int -> (Int, Int, Int)
egcdal=(,1,1)

Find integer x, y such that e
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egcdabla<b=let(x,y,d) =egcd bain(y,x,d)

27*X + 42*y ng(27 42) 5 |otherwise=Iet(x,y,d)=egcdb(am
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Chinese Remainder Theorem

Assume n, and n, are coprime. Let x be the solution to the following systems of

modulo identities U= 2 ek

X = a; modn, { o §
wz 2

X = a, modn,. S \
Then X = (inzal + Xlnlaz) mOd N, Where N = n1><n2 and X1n1 + inz = 1.
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lsomorphism + +
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LEt@r, @I be groups with respect to the operations x¢ and *p. A
function f: G — H is an isomorphism if

1. f is a bijection, and

2. Forall g1, 92 € G, f(91 *6 92) = f(g1) *n f(92)-
If there exists an isomorphism between G and H, we say G and H are
isomorphic and write G =~ H.
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The Isomorphism




Using CRT to Simplifty Modulo Computations

e Calculate oLz 59X 5
3299 mod 24

igg;w( 399 med 3, 3217 mock &)
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Using CRT to Simplifty Modulo Computations
* Calculate gﬁi(%? {X moed :

12345*12345 mod 35

= (125§ mads ) Y220

Y Sl ) M7

T [ 2345 med 5, 3 nod of

= (0. 4} = (0, tbwd 7) = 002
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Recall: Z7 = ({1, ..., 6}, *mod 7)

* |dentity

* Inverse

* Associativity




'terative multiplications
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Fermat’s Little Theorem

If p is prime, then for all a € Z;,

aP~1 =1 modyp










Euler’s Theorem

If n and a are coprime, then
a a®™ =1 (modn)

where ¢p(n) = nll,, (1 — %) is called Euler’s totient function.







Some Magic You can Play Now

11" mod 3




Some Magic You can Play Now {
(T = 32X§

e 112916 mod 15
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