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Abstract. Multi-task learning leverages shared information among data
sets to improve the learning performance of individual tasks. The paper
applies this framework for data where each task is a phase-shifted peri-
odic time series. In particular, we develop a novel Bayesian nonparamet-
ric model capturing a mixture of Gaussian processes where each task is
a sum of a group-specific function and a component capturing individual
variation, in addition to each task being phase shifted. We develop an
efficient em algorithm to learn the parameters of the model. As a spe-
cial case we obtain the Gaussian mixture model and em algorithm for
phased-shifted periodic time series. Experiments in regression, classifica-
tion and class discovery demonstrate the performance of the proposed
model using both synthetic data and real-world time series data from
astrophysics. Our methods are particularly useful when the time series
are sparsely and non-synchronously sampled.

1 Introduction

In many real world problems we are interested in learning multiple related tasks
where the training set for each task is quite small. For example, in pharmaco-
logical studies, we may be attempting to predict the concentration of some drug
at different times across multiple patients. Finding a good regression function
for an individual patient based only on his or her measurements can be difficult
due to insufficient training data for the patient. Instead, by using measurements
across all the patients, we may be able to leverage common patterns across
patients to obtain better estimates for the population and for each patient in-
dividually. Multi-task learning captures this intuition aiming to learn multiple
correlated tasks simultaneously. This idea has attracted much interest in the
literature and several approaches have been applied to a wide range of domains,
including medical diagnosis [1], recommendation systems [2] and HIV Therapy
Screening [3]. Building on the theoretical framework for single-task learning,
multi-task learning has recently been formulated as a multi-task regularization
problem in vector-valued Reproducing Kernel Hilbert space (RKHS) [4].

Several approaches to multi-task learning exist in the context of Bayesian
statistics. Considering hierarchical Bayesian models, one can view the param-
eter sharing of the prior among tasks as a form of multi-task learning [5]. Re-
cently, Bayesian models for multi-task learning were formalized using Gaussian
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processes [6–8]. In this nonparametric mixed-effect model, information is shared
among tasks by having each task combine a common (fixed effect) portion and
a task specific portion, each of which is generated by an independent Gaussian
process. Our work builds on this formulation extending it and the associated
algorithms in several ways.

We introduce a multi-task learning model with two novel aspects. First, we
allow the fixed effect to be multi-modal so that each task may draw its fixed
effect from a different cluster. Second, we extend the model so that each task
may be an arbitrarily phase-shifted image of the original time series. This yields
our model the Shift-invariant Grouped Mixed-effect model.

Our main technical contribution is the inference algorithm for the proposed
model. We develop details for the em algorithm optimizing the Maximum A
Posteriori (MAP) estimates for the parameters of the model. Technically, the
two main insights are in estimating the expectation for the coupled hidden vari-
ables (the cluster identities and the task specific portion of the time series) and
in solving the regularized least squares problem for a set of phase-shifted ob-
servations. As a special case our algorithm yields the Gaussian mixture model
(GMM) for phase shifted time series.

Seen from this perspective the paper provides a probabilistic extension of the
Phased K-means algorithm [9] that performs clustering for phase-shifted time
series data, and a nonparametric Bayesian extension of mixtures of random
effects regressions [10] that was recently used for for curve clustering.

Our model primarily captures regression of time series but because it is a
generative model it can be used for class discovery, clustering and classification.
We demonstrate the utility of the model for such applications with both synthetic
data and real-world time series data from astrophysics. The experiments show
that our model can yield superior results when compared to single task learning
and Gaussian mixture models, especially when each individual task is sparsely
and non-synchronously sampled.

2 Shift-invariant Grouped mixed-effect model

2.1 Preliminaries

Throughout the paper, scalars are denoted using italics, as in x, y ∈ IR; vectors
use bold typeface, as in x,y, and xi denotes the ith entry of x. For a vector x
and real valued function f : IR → IR, we extend the notation for f to vectors so
that f(x) = [f(x1), · · · , f(xn)]T where superscript the T stands for transposition
(and the result is a column vector). I is the identity matrix.

A Gaussian process (GP) is a functional extension for Multivariate Gaussian
distributions. In the Bayesian literature, it has been widely used in statistical
models by substituting a parametric latent function with a stochastic process
with Gaussian prior [11]. More precisely, under the single-task setting a simple
Gaussian regression model is given by y = f(x) + εi, where f ’s prior is a zero-
mean GP with covariance function K and εi is independent zero mean white
noise with variance σ2. Given data set D = {xi, yi}, i = 1, · · · , N , let K =
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(K(xi,xj))i,j , then f , [f(x1), · · · , f(xN )]T ∼ N (0,K) where N denotes the
normal distribution and the posterior on f is given by

Pr(f |D) = N (K(σ2I+ K)−1y, σ2(σ2I+ K)−1K).

The predictive distribution for some test point x∗ is

Pr(f(x∗)|x∗,D) =
∫

Pr(f(x∗)|x∗, f) Pr(f |D)df

= N (
k(x∗)T(σ2I+ K)−1y,K(x∗,x∗)− k(x∗)T(σ2I+ K)−1k(x∗)

)

where k(x∗) = [K(x1,x∗), · · · ,K(xN ,x∗)]T. Furthermore, a Gaussian process f
corresponds to a RKHS H with kernel K such that cov[f(x), f(y)] = K(x,y) for
any x,y ∈ X . In this way, we can express a zero mean Gaussian process as a
distribution on functions f with the following probability [12]3

f ∼ exp
{
−1

2
‖f‖2H

}
. (1)

2.2 The GMT Model

Recently, GPs have been used for multi-task learning [6, 8, 12]. Given data {Dj},
the Bayesian nonparametric mixed-effect model captures each task f j with re-
spect to Dj using a sum of an average effect function and an individual variation
for each task, f j(x) = f̄(x) + f̃ j(x), j = 1, · · · ,M where f̄ and {f̃ j} are zero
mean Gaussian processes. This assumes that the fixed-effect (mean function) f̄ is
sufficient to capture the behavior of the data, an assumption that is problematic
for distributions with several modes. The model is also not suitable for shifted
time series. To address these deficiencies we model our data as follows. For each
j and x ∈ [0, T ),

f j(x) = [f̄zj ∗ δtj ](x) + f̃ j(x), j = 1, · · · ,M (2)

where zj ∈ {1, · · · , k}, {f̄s}, s = 1, · · · , k and f̃ j are zero mean Gaussian pro-
cesses. We use ∗ to denote circular convolution, and δtj

is the Dirac δ function
with support at tj ∈ [0, T ). Therefore, [f̄zj

∗ δtj
](x) = f̄zj

(x − tj mod T ). The
underlying GPs, i.e. {f̄s}, f̃ j , are assumed to be mutually independent.

We next define the generative model which we call Shift-invariant Grouped
Mixed-effect model (GMT). In this model, k group effect functions are assumed
to share the same Gaussian prior characterized by K0. The individual effect
functions are Gaussian processes with covariance function K. The model is char-

3 In general, a Gaussian process does not induce a probability distribution on the
corresponding RKHS but such use has been previously advocated; for further details
see [13].
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acterized by parameter set {K0,K,α, {tj}, σ2} and summarized as follows:

f̄s|K0 ∼ exp
{
−1

2
‖f̄s‖2H0

}
, s = 1, 2, · · · , k

f̃ j |K ∼ exp
{
−1

2
‖f̃ j‖2H

}
,

zj |α ∼ Discrete(α),

yj ∼ N (
f j(xj), σ2I

)
, where f j = f̄zj ∗ δtj + f̃ j , j = 1, 2, · · · ,M

(3)

where α specifies the mixture proportions. Let X = {x1,x2, · · · ,xM} and Y =
{y1,y2, · · · ,yM}, where xj are the time points when each time series is sampled
and yj are the corresponding observations.

We assume that the group effect kernel K0 and the number of centers k are
known. The assumption on K0 is reasonable, in that normally we can get more
information on the shape of the mean waveforms, thereby making it possible
to design kernel for H0 but the individual variations are more arbitrary. The
assumption that k is known requires model selection. An extension using a non-
parametric model like the Dirichlet process that does not limit k is possible but
we leave this to future work. The group effect {f̄s}, individual shifts {tj}, noise
variance σ2 and the kernel for individual variations K are unknown and need to
be estimated.

The model above is a standard model for regression. We propose to use
it for classification by learning a mixture model for each class and using the
MAP probability for the class for classification. In particular, consider a train-
ing set that has L classes, where the jth instance is given by Dj = (xj ,yj , oj) ∈
IRnj × IRnj × {1, 2, · · · , L}. Each observation (xj ,yj) is given a label from
{1, 2, · · · , L}. The problem is to learn the model M` for each class (L in to-
tal) separately and the classification rule for a new instance (x,y) is given by
o = argmax [Pr(y|x;M`) Pr(`)]. As we show in our experiments, the proposed
generative model can provide explanatory power for the application while giving
excellent classification performance.

2.3 Parameter Learning

Given data set D = {xj ,yj} = {xj
i , y

j
i }, i = 1, · · · , nj , j = 1, · · · ,M , the

learning process aims to find the MAP estimates of the parameter set M∗ =
{α, {f̄s}, {tj}, σ2,K} such that

M∗ = argmax
M

(
Pr(Y|X ;M)× Pr[{f̄s};K0]

)
. (4)

The direct optimization of Eq. (4) is analytically intractable because of coupled
sums that come from the mixture distribution. To solve this problem, we resort
to the em algorithm. The em algorithm is an iterative method for optimizing the
maximum likelihood (ML) or MAP estimates in the context of hidden variables.
In our case, the hidden variables are z = {zj} (which is the same as in standard
GMM), and f = {fj , f̃ j(xj)}, j = 1, · · · ,M . The algorithm iterates between
the following expectation and maximization steps until it converges to a local
maximum.
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2.4 Expectation step

In the E-step, we calculate

Q(M,Mg) = IE{z,f |X ,Y;Mg}
[
log

{
Pr(Y, f , z|X ;M)× Pr[{f̄s};K0]

}]
(5)

where Mg stands for estimated parameters from the last iteration. For our
model, the difficulty comes from estimating the expectation with respect to the
coupled latent variables {z, f}. We next show how this can be done. First notice
that, Pr(z, f |X ,Y;Mg) =

∏
j Pr(zj , fj |X ,Y;Mg) and further that

Pr(zj , fj |X ,Y;Mg) = Pr(zj |xj ,yj ;Mg)× Pr(fj |zj ,xj ,yj ;Mg). (6)

The first term in Eq. (6) can be further written as

Pr(zj |xj ,yj ;Mg) ∝ Pr(zj ;Mg) Pr(yj |zj ,xj ;Mg) (7)

where Pr(zj ;Mg) is specified by the parameters estimated from last iteration.
Since zj is given, Pr(yj |zj ,xj ;Mg) is the marginal distribution that can be cal-
culated using a GP regression model, that is, yj |zj ∼ N ([f̄zj

∗δtj
](xj),Kg

j +σ2I).
As a result Pr(zj |xj ,yj ;Mg) can be calculated explicitly. Next consider the sec-
ond term in Eq. (6). Given zj , we know that f j = f̄zj + f̃ j , i.e. there is no
uncertainty about the identity of f̄zj

and therefore the calculation amounts to
estimating the posterior distribution under standard GP regression. The condi-
tional distribution is given by fj |zj ,xj ,yj ∼ N (µg

j ,C
g
j ) where µg

j and Cg
j are

the posterior mean and covariance matrix given by

µg
j = Kg

j (K
g
j + σ2I)−1(yj − f̄ j), Cg

j = Kg
j −Kg

j (K
g
j + σ2I)−1Kg

j (8)

where Kg
j is the kernel matrix for the jth task using parameters from the last

iteration. To derive the concrete form of Q(M,Mg), denote zil = 1 iff zi = l.
Then the complete data likelihood can be reformulated as

L = Pr(Y, f , z;X ,M) =
∏

j

∏
s

[
αs Pr(yj |fj , zj = s;M) Pr(fj ;M)

]zjs

(9)

where we have used the fact that exactly one zjs is 1 for each j and thus included
the last term inside the product over s. Then Eq. (5) can be written as

Q(M,Mg) = −1
2

∑
s

‖fs‖2H0
+ IE{z,f |X ,Y;Mg} [logL] . (10)

Denote the second term by Q̃. By a version of Fubini’s theorem we have

Q̃ = IE{z|X ,Y;Mg}IE{f |z,X ,Y;Mg} [logL]

=
∑
z

Pr(z|X ,Y;Mg)

{∑

j

∑
s

zjs

×
∫

d Pr(fj |zj = s) log
[
αs Pr(yj |fj , zj = s;M) Pr(fj ;M)

]
}

.

(11)



6

Since the last term in Eq. (11) does not include any zi, the equation can be
further decomposed as

Q̃ =
∑

j

∑
s

(∑
z

Pr(z|X ,Y;Mg)zjs

)

×
{∫

d Pr(fj |zj = s) log[αs Pr(yj |fj , zj = s;M) Pr(fj ;M)]
}

=
∑

j

∑
s

γjs

∫
d Pr(fj |zj = s) log

[
αs Pr(yj |fj , zj = s;M) Pr(fj ;M)

]
(12)

where γjs = IE[zjs|yj ,xj ;Mg] can be calculated from Eq. (7) and it can be
viewed as a fractional label for the jth task in the sth group.

Recall that Pr(yj |fj , zj = s) is a normal distribution given byN (f̄zj∗δtj (x
j)+

fj , σ2I) and Pr(fj ;M) is a standard multivariate Gaussian distribution deter-
mined by its prior, that is

Pr(fj ;M) =
1√

(2π)nj |Kj |
exp

{
−1

2
fT
j K−1

j fj

}
.

Using these facts and after some algebraic manipulation, Q(M,Mg) can be
rewritten as

Q(M,Mg) = −1
2

∑
s

‖f̄s‖2H0
−

∑

j

nj log σ +
∑

j

∑
s

γjs log αs

− 1
2σ2

∑

j

∑
s

γjsIE{fj |zj=s,xj ,yj ;Mg}
[‖yj − [f̄s ∗ δtj

](xj)− fj‖2
]

+
∑

j

∑
s

γjsIE{fj |xj ,yj ;Mg} [log Pr(fj ;M)] .

(13)2.5 Maximization step

In this step, we aim to find

M∗ = argmax
M

Q(M,Mg) (14)

and use M∗ to update the model parameters. As we show next, this can be
decomposed into three separate optimization problems as follows

M∗ = argmax
M

Q1(({f̄s}, {δtj
}, σ)) + Q2(K) +





∑

j

∑
s

γjs log αs



 .

That is, α can be estimated easily using its separate term, Q1 is only a function
of ({fs}, {tj}, σ) and Q2 depends only on K. We have

Q1({f̄s}, {tj}, σ2) =
1
2

∑
s

‖f̄s‖2H0
+

∑

j

nj log σ +
1

2σ2

∑

j

∑
s

γjs

× IE{fj |zj=s,xj ,yj ;Mg}
[‖yj − [fs ∗ δtj

](xj)− fj‖2
]
.

(15)
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The remaining part, Q2 is

Q2(K) =
∑

j

∑
s

γjsIE{fj |zj=s,xj ,yj ;Mg} [log Pr(fj ;M)] .

= −1
2

∑

j

log |Kj | − 1
2

∑

j

∑
s

γjsTr
(
K−1

j (Cg
j + µg

j (µ
g
j )

T)
)
.

(16)

Learning {f̄s}, {tj}, σ2: To optimize Eq. (15), denote the residual ỹj = yj −
µjs, where µjs = IE[fj |yj , zj = s]. Given σ, optimizing ({f̄s}, {tj}) decouples
into k independent sub-problems, where finding the sth group effect f̄s and its
corresponding shift {tj} amounts to solving

argmin
f∈H0,t1,··· ,tM∈[0,T )





1
2σ2

∑

j

γjs

nj∑

i=1

(ỹj
i − [f ∗ δtj ](x

j
i ))

2 +
1
2
‖f‖2H0



 . (17)

Note that different xj ,yj have different dimensions nj and they are not assumed
to be sampled at regular intervals. For further development, following [8], it
is useful to introduce the closure vector x̆ ∈ IRIN whose components are the
distinct elements of X . For example if x1 = [1, 2, 3]T ,x2 = [2, 3, 4, 5]T , then
x̆ = [1, 2, 3, 4, 5]T . For the jth task, let the binary matrix Ck be such that
xj = Cj · x̆ and f(xj) = Cj ·f(x̆). That is, Cj extracts the values corresponding
to the jth task from the closure vector.

If {tj} are fixed, then the optimization in Eq. (17) is standard and the repre-
senter theorem gives the form of the solution as f(·) =

∑IN
i=1 ciK0(x̆i, ·). Denoting

the kernel matrix as K = K0(x̆i, x̆j), i, j = 1, · · · , IN , and c = [c1, · · · , cIN]T we
get f(x̆) = Kc. To simplify the optimization we assume that {tj} can only take
values in the discrete space {t̃1, · · · , t̃L}, that is, tj = t̃i, for some i ∈ 1, 2, · · · , L
(e.g., a fixed finite fine grid), where we always choose t̃1 = 0. Therefore, we can
write

[
f ∗ δtj

]
(x̆) = K̃T

tj
c, where K̃tj

is K0(x̆, [(x̆ − t̃j) mod T ]). Accordingly,
Eq. (17) is reduced to

argmin
c∈IRIN,t1,··· ,tj∈{t̃i}





∑

j

γjs‖ỹj − Cj · K̃T
tj
c‖2 +

1
2
cTKc



 . (18)

To solve this optimization, we follow a cyclic optimization approach where we
alternate between steps of optimizing f and {tj} respectively.

At step `, we optimize equation (18) with respect to {tj} given c(`). Since c(`)

is known, it follows immediately that Eq. (18) decomposes to M independent
problems, where for the jth we need to find t

(`)
j such that CjK̃T

t
(`)
j

c is closest to

ỹj under Euclidean distance. A brute force search with time complexity Θ(INL)
yields the optimal solution. If the time series are synchronously sampled (i.e.
Cj = I, j = 1, · · · ,M) and the allowed time shifts are at sample points, this
reduces to finding the shift τ corresponding the cross-correlation. In this case,
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one can use the convolution theorem to find the same value in Θ(IN log IN)
time [14].

At step `+1, we optimize equation (18) with respect to c(`+1) given t
(`)
1 , · · · , t

(`)
M .

For the jth task, since t
(`)
j is known, denote CjK̃T

t
(`)
j

as M
(`)
j . Therefore, c(`+1)

can be calculated by solving the following regularized least square problem

argmin
c∈IRIN





∑

j

γjs‖ỹj −M
(`)
j c‖2 +

1
2
cT Kc



 . (19)

Obviously, each step decreases the value of the objective function and therefore
the algorithm will converge.

Given {f̄s}, {tj}, the value of σ2 is optimized by (σ∗)2 = R/
∑

j nj , where
R =

∑
j Tr(Cg

j ) +
∑

j

∑
s γjs

(‖yj − [f̄∗s ∗ δtj
](xj)− µjs‖2

)
. We use alternating

optimization steps to optimize over the three parameters together.

Learning the kernel for individual effects: The work of [12] has already
shown how to optimize the kernel in a similar context. Here we provide some of
the details for completeness. If the kernel function K admits a parametric form
with parameter θ, for example the RBF kernel

K(x, y) = a exp
{
−‖x− y‖2

2s2

}
(20)

then the optimization of K amounts to finding θ∗ such that

θ∗ = argmax
θ

{
− 1

2

∑

j

∑
s

γjsTr
(
(Kj ; θ)−1(Cg

j + µg
js(µ

g
js)

T)
)
}

.

The parametric form of the kernel is a prerequisite to perform the regression task
when examples are not sampled synchronously as in our development above. If
the data is synchronously sampled, for classification tasks we only need to find
the kernel matrix K for the given sample points and the optimization problem
can be rewritten as

K∗ = argmax
K

{
− 1

2

∑

j

log |K| − 1
2

∑

j

∑
s

γjsTr
(
K−1(Cg

j + µg
js(µ

g
js)

T)
)
}

.

(21)

Similar to maximum likelihood estimation for the multivariate Gaussian distri-
bution, the solution is K∗ = 1

M

∑
j

∑
s γjs(C

g
j +µg

js(µ
g
js)

T). In our experiments,
we use both approaches. For the parametric form we use Eq. (20).



9

3 Experiments

Our implementation of the algorithm makes use of the gpml package4 [11] and
extends it to implement the required functions. The em algorithm is restarted 5
times and the function that best fits the data is chosen. The em algorithm stops
when the difference of the log-likelihood is less than 10e-5 or at a maximum of
200 iterations.

3.1 Regression on Synthetic data

In the first experiment, we demonstrate the performance of our algorithm on a
regression task with artificial data. We generated data that is not phase shifted
under a mixture of two Gaussian processes. More precisely, each f̄s(x), s = 1, 2 is
generated on interval [−50, 50] from a Gaussian process with covariance function
cov[f̄s(t1), f̄s(t2)] = e−(t1−t2)

2/25, s = 1, 2. The individual effect f̃j is sam-
pled via a Gaussian process with the covariance function cov[f̃j(t1), f̃j(t2)] =
0.2e−(t1−t2)

2/16. Then the hidden label zj is sampled from a discrete distri-
bution with α = [0.5, 0.5]. The vector x̆ consists of 100 samples on [−50, 50].
We fix a sample size N and each xj includes N randomly chosen points from
{x̆1, · · · , x̆100}. The observation f j(xj) is obtained as (fzj

+ f̃j)(xj). In the
experiment, we vary the individual sample length N from 5 to 50. Finally,
we generated 50 random tasks with the observation yj for task j given by
yj ∼ N (f j(xj), 0.01× I), j = 1, · · · , 50. The methods compared here include:

1. Single-task learning procedure (ST), where each f̄ j is estimated only
using {xj

i ,y
j
i }, i = 1, 2, · · · , N .

2. Single center mixed-effect multi-task learning (SCMT), amounts to
the mixed-effect model [8] where one average function f̄ is learned from
{xj ,yj}, j = 1, · · · , 50 and f j = f̄ + f̃ j , j = 1, · · · , 50.

3. Grouped mixed-effect model (GMT), the proposed method.
4. “Cheating” grouped fixed-effect model (CGMT), which follows the

same algorithm as the GMT but uses the true label zj instead of their ex-
pectation for each task j. This serves as an upper bound for the performance
of the proposed algorithm.

Except for ST, the other three algorithms use the same method to learn the
kernel of the individual effects, which is assumed to be RBF. The Root Mean
Square Error (RMSE) for the four approaches is reported. For task j, the RMSE
is defined as RMSEj =

√
‖f(x̆)− f j(x̆)‖2/100, where f is the learned function

and RMSE for the data set is the mean of {RMSEj}, j = 1, · · · , 50.
To illustrate the results qualitatively, we first plot in Fig. (1) the true and

learned functions in one trial. The left column illustrates some task that is sam-
pled from group effect f̄1 and the right column is for f̄2. It it easy to see that,
as expected, the tasks are poorly estimated under ST due the sparse sampling.

4 Available at http://www.gaussianprocess.org/gpml/.
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Fig. 1. Simulated data: Comparison of the estimated function between single, multi-
task and grouped multi-task. The red dotted line is the reference true function.

The SCMT performs better than ST but its estimate is poor in areas where two
centers disagree. The estimates of GMT are much closer to the true function.

The left plot of Fig. (2) shows a comparison of the algorithms for 50 random
data sets under the above setting when N equals 5. We see that most of the
time GMT performs as well as its upper bound, illustrating that it recovers the
correct membership of each task. On a few data sets, our algorithm is trapped in
a local maximum yielding performance similar to SCMT and ST. The right part
of Fig. (2) shows the RMSE for increasing values of N . From the plot, we can
draw the conclusion that the proposed method works much better than SCMT
and ST when the number of samples is less than 30. As the number of samples
for each task increases, all methods are improving, but the proposed method
always outperforms SCMT and ST in our experiments. Finally, all algorithms
converge to almost the same performance level where observations in each task
are sufficient to recover the underlying function.

3.2 Classification on Astrophysics data

The concrete application motivating this research is the classification of stars
into several meaningful categories from the astronomy literature. Classification
is an important step within astrophysics research, as evidenced by published
catalogs such as OGLE [15] and MACHO [16, 17]. However, the number of stars
in such surveys is increasing dramatically. For example Pan-STARRS [18] will
collect data on the order of hundreds of billions of stars. Therefore, it is de-
sirable to apply state-of-art machine learning techniques to enable automatic
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Fig. 2. Comparison between single, multi-task, and grouped multi-task learning on
simulated data. Left: the figure gives 3 pairwise comparisons when sample size is 5. We
can see that the GMT is better than ST since the blue stars are concentrated on the
lower right. Similarly, the plot of red pluses demonstrates the advantage of GMT over
SCMT and the plot of green triangles shows that the algorithm behaves almost as well
as its upper bound. Right: the figure shows RMSE as a function of sample size.

processing for astrophysics data classification. The data from star surveys is
normally represented by time series of brightness measurements, based on which
they are classified into categories. Stars whose behavior is periodic are especially
of interest in such studies. Fig. (3) shows several examples of such time series
generated from the three major types of periodic variable stars: Cepheid, RR
Lyrae, and Eclipsing Binary. In our experiments only stars of the types in Fig.
(3) are present in the data, and the period of each star is given.

From Fig. (3), it can be noticed that there are two main characteristics of
this domain. The time series are not phase aligned, meaning that the light curves
in the same category share a similar shape but with some unknown shift. The
time series are non-synchronously sampled and each light curve has a different
number of samples and sampling times. We run our experiment on the OGLEII
data set [19]. This data set consists of 14087 time series (light curves) with
(3425,3390,7272) in the categories (CEPH, RRL, EB) respectively. We perform
several experiments with this data set to explore the potential of the proposed
method. Previous work using this data [20] developed a kernel for periodic time
series and used it with svm to obtained good classification performance. We use
the results of [20] as our baseline.5

Classification using dense-sampled time series: In the first experiment, the
time series are smoothed using a simple average filter, re-sampled to 50 points
via linear-interpolation and normalized to have mean 0 and standard deviation
of 1. Therefore, the time series are synchronously sampled in the pre-processing
stage. We compare our method to GMM and 1-Nearest Neighbor (1-NN). These
two approaches are performed on the time series processed by Universal phasing
5 [20] used additional features, in addition to time series itself, to improve the classifi-

cation performance. Here we focus on results using the time series only. Extensions
to add such features to our model are orthogonal to the theme of the paper and we
therefore leave them to future work in the context of the application.
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Fig. 3. Examples of light curves of periodic variable stars. Each column shows two
stars of the same type. Left: Cepheid, middle: RR Lyrae, right: Eclipsing Binary.

(UP), which uses the method from [14] to phase each time series according to
the sliding window on the time series with the maximum mean. We use a sliding
window size of 5% of the number of original points; the phasing takes place after
the pre-processing explained above. We learn a model for each class separately
and for each class the model order for the GMM and the GMT is set to 15.

We run 10-fold cross-validation (CV) over the entire data set and the results
are shown in Tab. (1). We see that when the data is densely and synchronously
sampled, the proposed method performs similar to the GMM, and they both
outperform the kernel based results from [20]. The poor performance of SCMT
shows that a single center is not sufficient for this data. The similarity of the
GMM and the proposed method under these experimental conditions is not
surprising. The reason is that when the time series are synchronously sampled,
aside from the difference of phasing, finding the group effect functions is reduced
to estimating the mean vectors of the GMM. In addition, learning the kernel in
the nonparametric approach is the same as estimating the covariance matrix of
the GMM. More precisely, assuming all time series are phased and sampled at
the same time points, the following results hold:

1. By placing a flat prior on the group effect function f̄s, s = 1, · · · , k,
or equivalently setting ‖f̄s‖2H0

= 0, Eq. (17) is reduced to finding a vector
µs ∈ IN that minimizes

∑
j γjs‖ỹj − µs‖2. Therefore, we obtain f̄s = µs =∑

j γjsỹj/
∑

j γjs, which is exactly the mean of the sth cluster during the iter-
ation of em algorithm under the GMM setting.

2. The kernel K is learned in a nonparametric way. Instead of estimating K
and σ2, it is convenient to put the two terms together, forming K̂ = K + σ2I,
that is yj is a deterministic function of f j(xj) which in turn has an extra σ2

term on the diagonal of its covariance matrix. One can show that in this case the
estimate of the kernel is K̂ = 1

M

∑
j

∑
s γjs(yj −µs)(yj −µs)T. In the standard

em algorithm for GMM, this is equal to the estimated covariance matrix when
all k clusters are assumed to have the same covariance.
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up + gmm scmt gmt up + 1-nn k + svm[20]

Results 0.956± 0.006 0.874± 0.008 0.952± 0.005 0.865± 0.006 0.947± 0.005

Table 1. Accuracies with standard deviations reported on OGLEII dataset.

Accordingly, when time series are synchronously sampled, the proposed model
can be viewed as an extension of the Phased K-means [9] and a variant of [21]. In
experiments below, we extend the resulting Phased EM by allowing each cluster
to have a separate covariance matrix.
Classification using sparse-sampled time series: The OGLEII data set is
in some sense a “nice” subset of the data from its corresponding star survey.
Stars with small number of samples are often removed in pre-processing steps
(cf., [22]). The proposed method potentially provides a way to include these in-
stances in the classification process. In the second experiment, we demonstrate
the performance of the proposed method on times series with sparse samples.
Similar to the synthetic data, we started from sub-sampled versions of the origi-
nal time series to simulate the condition that we would encounter in further star
surveys.6 As in the previous experiment, each time series is universally phased,
normalized and linearly-interpolated to length 50 to be plugged into GMM and
1-NN as well as the generalized Phased em as discussed above. The RBF kernel
is used for the proposed method and we used the same model order as above.
Moreover, the performance for PKmeans is also presented, where the classifica-
tion step is as follows: we learn the PKmeans model with k = 15 for each class
and then the label of a new example is assigned to be the same as its closest
centroid’s label. PKmeans is also restarted 5 times and the best clustering is
used for classification.

The results are shown in Fig. (4). When each time series has sparse samples
(the number of samples per task is less than 30), the proposed method has a
significant advantage over the other methods. As the number of samples per
task increases, the proposed method improves fast and performs close to its
optimal performance given by previous experiment. When the number of samples
increases, the performance of the Phased em gradually catches up and becomes
better than the proposed method when each task has more than 50 samples.
GMM plus universal phasing (UP) also achieves better performance when time
series are densely sampled. One reason for the performance difference is the
parametric form of the kernel in the GMT in this experiment (which is less
flexible). The difference can also be attributed to the sharing of the covariance
function in our model where the GMM and the Phased em do not apply this
constraint. Notice that the Phased em algorithm always outperforms the GMM
plus UP demonstrating that re-phasing the time series inside the em algorithm
improves the results. We also notice that for all 3 methods, the performance
with dense data is lower than the results in Tab. (1). This is caused because the

6 For the proposed method, we clip the samples to a fine grid of 200 equally spaced
time points on [0, 1], which is also the set of allowed time shifts. This avoids having
a very high dimensional x̆, e.g. over 18000 for OGLEII, which is not feasible for any
kernel based regression method that relies on solving linear systems.
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Fig. 4. OGLEII data: Comparison of algorithms with sparsely sampled data.

data set obtained by the interpolation of the sub-sampled measurements contains
less information than that interpolated from the original measurements. Finally,
note that PKmeans performs much worse than Phased em showing that the
probabilistic model adds a significant advantage. To summarize, we conclude
from this experiment that the proposed method should be used when data is
sparsely and non-synchronously sampled.

3.3 Class discovery on Astrophysics data

We show the potential of our model for class discovery by running GMT on the
joint data set of the three classes (not using the labels) with a model order of
45. Then, each cluster is labeled according to the majority class of the instances
that belong to the center. For a new test point, we determine which cluster it
belongs to via the MAP probability and its label is given by the cluster that it is
assigned to. We run 10 trials with different random initialization. The accuracy
and standard deviation obtained are [0.895, 0.010]. Given the size of the data set
and the relatively small number of clusters this is a significant indication of the
potential for class discovery in astrophysics.

4 Conclusion and future work

We developed a novel Bayesian nonparametric multi-task learning model where
each task is modeled as a sum of a group-specific function and an individual
task function with a Gaussian process prior. We gave an efficient em algorithm
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to learn the parameters of the model and demonstrated its effectiveness using
experiments in regression, classification and class discovery.

The literature includes a significant amount of work on time series classifi-
cation [23] (space constraints preclude a lengthy discussion). These include ap-
proaches based on feature extraction followed by feature based learning model [24],
approaches based on similarities for time series [20] and hidden Markov mod-
els [25, 26]. Despite the similar name, our model is different from mixture of
experts where different GPs are in control of sub-regions of the input space [27].
Our work is most closely related to the so-called mixture of regressions [10, 28,
29]. As discussed above our model can be seen as a nonparametric Bayesian
extension of the model in [10] and includes [21] as a special case with shared
covariance matrix when we use the diagonal kernel function on the time grid.

For application in the astronomy context it is important to consider all steps
of processing and classification so as to provide an end to end system. Therefore,
two important issues to be addressed in future work include incorporating the
period estimation phase into the method and developing an appropriate method
for abstention in the classification step. Further, to get a full generalization of the
phased GMM, it will be interesting to generalize our model to allow individual
variations to come from cluster dependent RKHS. It would also be interesting to
develop a corresponding discriminative model extending [5] to the GP context.
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