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Abstract

In the message-passing model of communication, there
are k players each with their own private input, who
try to compute or approximate a function of their
inputs by sending messages to one another over private
channels. We consider the setting in which each player
holds a subset S; of elements of a universe of size n,
and their goal is to output a (1 + €)-approximation
to the total number of distinct elements in the union
of the sets S; with constant probability, which can
be amplified by independent repetition. This problem
has applications in data mining, sensor networks, and
network monitoring. We resolve the communication
complexity of this problem up to a constant factor, for
all settings of n,k and e, by showing a lower bound
of Q(k - min(n,1/€%) + klogn) bits. This improves
upon previous results, which either had non-trivial
restrictions on the relationships between the values of
n, k, and €, or were suboptimal by logarithmic factors,
or both.

1 Introduction

Estimating the number F{ of distinct elements of the
union of datasets held by different servers is a funda-
mental problem in distributed streaming with appli-
cations to monitoring network traffic, detecting denial
of service attacks, designing query response strategies,
OLAP, data warehousing, and data integration.

The problem is well-studied in the streaming model,
in which there is a stream ii,...,4,, of indices i; €
[n], and Fy =: |{i1,...,%m}|- Since computing Fy
exactly requires linear space even with randomization
[1], one usually allows the algorithm to output an
approximation Fy € [Fo, (1 + €)Fp] with probability at
least 2/3, where 0 < € < 1 is an input parameter. We
refer to Fy as a (1 + €)-approximation. This probability
can then be amplified with independent repetition. The
problem was introduced in the theory community by
Flajolet and Martin [16], and revived by Alon, Matias,
and Szegedy [1]. Since then there has been a large
body of work on understanding its space complexity
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[8, 3, 13, 14, 4, 19].

While these works resolve the complexity of esti-
mating Fy on a single stream, they are not entirely re-
alistic in practice since data is often shared across mul-
tiple servers each with their own stream. This may oc-
cur in networks for which routers with limited memory
share network traffic information, or in sensor networks
in which low-end devices collect data which is then ag-
gregated by a centralized server.

These scenarios motivate the distributed functional
monitoring model of Cormode, Muthukrishnan, and Yi
[9]. In this model there are k players, also known
as sites, Pi,..., P, each holding a set Si,...,S, C
[n], respectively. The players want to design a low-
communication protocol so that one of the players
obtains a (1 + €)-approximation to Fy(Si,...,Sk)
|UF_, S;| with constant probability. The communication
is point-to-point, meaning that each pair of players
has a private communication channel and messages
sent between the two players are not seen by other
players. This is also referred to as the message-passing
model [12, 24, 25, 27, 6, 18]. One of the main goals
is to minimize the total number of bits exchanged
between the players, i.e., the communication complexity
of accomplishing this task.

In some settings the network, instead of having a
connection between all pairs of players, has an arbi-
trary graph topology and so communication is more re-
stricted. In this paper we focus on the coordinator model
[12] in which the players communicate with a central-
ized coordinator by sending and receiving messages on
private inputs. Lower bounds in the coordinator model
imply lower bounds for the message-passing model in
which every node can directly communicate with every
other node, as the coordinator model is the most basic
topology in which we only assume that every pair of
players is connected.

Since there is a streaming algorithm with
O(min(n,1/€?) + logn) bits of space for obtaining
a (1 + e)-approximation Fy [19], this implies an
O(kmin(n,1/€?) + klogn) bit communication proto-



col in which the players consecutively run the stream-
ing algorithm on their input and pass the state of
the algorithm to the next player. Cormode, Muthukr-
ishnan and Yi [9] showed an Q(k) lower bound for
this problem via a non-trivial argument, while work of
Arackaparambil, Brody and Chakrabarti [2] combined
with work of Chakrabarti and Regev [7] showed an
Q(1/€?) lower bound. These bounds were improved to
Q(k /(e log(e?k))) under the assumption that the num-
ber k of players exceeds 1/€> [25].1

The starting point of our work is that it is difficult
to make assumptions on what n, k, and € ought to be in
practice. For instance, in some applications 1/€? may
be quite large if say € = .01 approximation is desired.
It may therefore be unreasonable to assume that the
number k of players is larger than 1/€2 = 10000, as
is done in [25]. Thus, for this regime the best known
lower bound remains Q(k+1/€?) [2, 9, 7]. On the other
hand, if € is a large constant, then the lower bound is
Q(k + logn) [9], while one could hope for Q(k - logn).
Thus, already for both extremes of settings of e, it is
unclear what the right bound should be.

Our Results: We resolve the communication
complexity of approximating the number of distinct
elements in the message-passing model up to a constant
factor. The following is our main theorem.

THEOREM 1.1. For any setting of n, k,1/e = Q(1), any
private-coin randomized protocol in the message-passing
model for estimating Fy up to a factor of 1 + € with
probability at least 2/3 requires Q(k - min(n,1/€?) +
klogn) bits of communication.

Given the upper bound above, our lower bound is
simultaneously optimal, up to a constant factor, in all
parameters n, k, and e.

As a number of problems reduce to estimating
Fp, we also obtain tight communication lower bounds
for, e.g., estimating rarity [11] or the Klee’s measure
problem [23] in the message-passing model.

As a corollary of our techniques, we improve
the direct sum theorem for randomized public-
coin complexity for computing the OR in the
message-passing model. Formally, for an arbitrary
2-player function f {0,1}" x {0,1} — {0,1},
in the k-OR-f problem the i-th site has a vec-
tor z; € {0,1}" and the coordinator has a vector
y € {0,1}™. The goal is to compute \/ie[k] fzi,y).

Philips, Verbin, and Zhang [24] showed that
TThe conference version of this paper also requires k > 1/€2

and claims an Q(k/e?) bound, but in working out the proof in
that paper the actual bound obtained is Q(k/(e? log(e2k))).

RY/20pub(k OR-f) = Q(k - R/3P">(f)/log? k), which
was improved by the authors to R'/29P"P(E-OR-f) =
Q(k - RY3Pu(f)/logk) [27]. Here we show that
RY20PuP(E.OR-f) = Q(k - RV/3PUP(f)), which is op-
timal. This implies optimal bounds for cycle-freeness,
connectivity, counting the number of connected
components, testing bipartiteness, and testing triangle-
freeness; see [27] where plugging in our direct sum
theorem improves the previous lower bound for these
problems by a log k factor.

Technique for the Q(klogn) Bound: As noted
by Philips, Verbin, and Zhang [24], there are only
a few techniques for proving lower bounds in the
message-passing model.  Perhaps surprisingly, they
provably cannot be applied to the following communi-
cation problem k-OR-NEQ, in which the coordinator
C has a string y € {0,1}", each player P; has a string
x; € {0,1}™, and their goal is to decide if there exists
an ¢ for which x; # y. We prove an Q(klogn) lower
bound for the k-OR-NEQ problem. Via a standard
reduction, this already improves the Q(k) lower bound
for Fy shown in Theorem 5.2 of [10].

The reason this bound cannot be shown using
existing techniques is that they either require proving
a distributional communication lower bound [24], or
they prove a lower bound on the information cost
[6]. For the 2-player 2-NEQ problem of deciding
whether two strings are not equal, for any distribution
w there is an upper bound of O(log1/4), where ¢ is the
error probability over inputs drawn from p [21]. This
implies an O(klogk) communication protocol for any
distribution on inputs for k-OR-NEQ. Similarly, under
any distribution there is a protocol for 2-NEQ with zero-
error and information cost O(1) [5], implying a protocol
for k-OR-NEQ with O(k) information cost. These gaps
essentially arise because the hard direction of Yao’s
minimax principle holds only for public-coin protocols.
While for 2 players this only amounts to an additive
difference of O(logn) in communication, we show for k
players it results in an O(klogn) difference.

The idea of our proof is to take a k-player protocol
and look only at inputs for which k-OR-NEQ evaluates
to 0, that is, all players have the same input. We
would then like to find a player P; for which the
communication with the coordinator C is typically
small, over a random such input, and build a protocol
for 2-NEQ between P; and C, using that the output
of k-OR-NEQ is determined by the output of 2-NEQ
between P; and C. However, we have no bound on the
communication between C' and P; when their inputs
are not equal. What we can do, though, is terminate
the protocol if the communication between C' and P;



becomes too large. In this case we either know their
inputs are unequal, or their inputs are one of the few
inputs causing the communication between C' and P;
to be large. For a randomized protocol, though, the
induced 2-player protocol must succeed with constant
probability on all inputs, not only a large fraction.
We use the self-reducibility of 2-NEQ, that we can
injectively map instances of 2-NEQ on (n — 1)-bit
strings into inputs on n-bit strings, and remove the
inputs causing large communication between C and F;.

Technique for the (ke 2) Bound: We recall
the approach in [26] for achieving an Q(ke=2/log(e?k))
bound under the assumption that & > 1/¢2, and
argue there is an inherent reason this assumption was
necessary. The coordinator C' was given y € {0,1}",
and each player P; was given x; € {0,1}", where
r = ©(e~2). Each (z;,y) pair was chosen from a hard
distribution p for the 2-player disjointness problem
2-DISJ, in which 2-DISJ(z;,y) = 1 iff there exists a j
for which z; ; = y; = 1. Notice that the same input y
is used in all k£ 2-player 2-DISJ instances, though the
choice of x; is drawn independently for different ¢ from
the marginal distribution conditioned on y. Distribu-
tion p was such that Pr[2-DISJ(z;,y) = 1] = ¢ 2/k.
Further, the reduction to Fy was designed so that
the Fy value was equal to the number of ¢ for which
2-DISJ(x;,y) = 1. The Q(ke=2/log(e?k)) lower bound
came from the fact that a correct k-player protocol for
Fy must effectively solve many of the 2-player 2-DISJ
instances, each requiring €2(e~2) communication.

This approach requires k > €2 since e 2/k is
the probability that 2-DISJ(z;,y) = 1, which must
be at most one. Moreover, we need ©(e~2) of the 2-
player 2-DISJ instances to evaluate to 1, since then
by anticoncentration of the binomial distribution (the
sum of the output bits of the 2-DISJ instances to the k
players) this number will deviate from its expectation
by ©(e~1), which is why a (1 + €)-approximation to
Fy can detect this deviation. To handle k < €2 we
instead consider a 2-player problem 2-SUM in which
each player holds inputs to ¢t = ¢ 2/k independent 2-
DISJ instances on sets of size k, in which the output
of each instance is 0 or 1 with probability 1/2. The
goal is to decide if at least t/2 + Q(/t) instances are
equal to 1, or at most t/2 — O(+/t) instances are equal
to 1. Note that this is a promise problem, and can be
viewed as a 2-player problem of solving the majority
of ¢t 2-DISJ instances, given that there is a gap. Such
a problem may be easier than solving all ¢ of the 2-
DISJ instances, which is hard by standard direct sum
theorems. We show a reduction to previous work by
the authors [26, 25] in the context of estimating F5 in

the blackboard model, showing 2-SUM has randomized
communication complexity Q(tk) = Q(e=2). We note
that when k = €72, this problem reduces to that in [26],
while if ¥ = 1 it can be seen as the Gap-Thresh(AND)
problem, in which given two strings x,y € {0,1}", is the
problem of deciding if the number of coordinates j for
which z;Ay; = 1is at least /2++/r, or at most r/2—./r
(this is equivalent to the Gap-Hamming problem [7]).

To prove our k-player lower bound, the coordinator
C holds an input (y%,...,9") to 2-SUM, where each y*
is an input to a 2-DISJ instance. Each of the players
P; holds an input (z},...,2!) to 2-SUM chosen from a
marginal distribution conditioned on (y!,. .., y"). While
the reduction to Fp is similar to that in [26, 25], we need
a new argument which shows why, from the transcript
of the protocol for Fj, one can solve the 2-SUM instance
between C' and P; for many . This requires new
arguments since solving a 2-SUM instance only reveals
information about the majority of ¢ bits, provided there
is a gap, and one needs to argue that if most of these
majorities were not learned very well, the sum of them
across the k players would not be concentrated well
enough to approximate Fj.

Finally, for k& > €2 we improve the
Q(ke=2/log(e?k)) lower bound of [26, 25] by a
more careful reduction of a k-player problem to a
2-player problem. Usually, one first chooses C’s input y
to some 2-player problem (e.g., 2-DISJ or 2-SUM), and
then one independently samples the inputs z;, ...,z to
the players from the marginal distribution conditioned
on y. Hence, each (x;,y) is chosen from some distri-
bution p for the 2-player problem. One argues that
typically the transcript for the k-player protocol reveals
information about the answer to the 2-player problem
for some player for which the communication cost is
roughly a 1/k fraction of the overall communication.
This contradicts a lower bound for the 2-player problem
under distribution . We instead randomly choose a
player P; and plant an instance (z;,y) to the 2-player
problem under a different distribution p’ between C
and P;. The distribution of (z;,y) for j # 4 is still p (so
it is important the marginal distributions p and p’ of
the 2-player problem are the same). We argue that the
k-player protocol cannot tell we have done this, and so
it solves the 2-player problem with low communication
under . We can thus choose 1/ to obtain a stronger
lower bound.

2 Preliminaries

The computational models. We will work in
the coordinator model, where we have k players (we
call sites, to be consistent with the literature on the
coordinator model) Pi,..., P, and one coordinator.



Each site P; has an input z;, and the coordinator has
no input. They want to jointly compute some function
f(z1,...,x) defined on the union of their inputs. There
is a two-way communication channel between each site
and the coordinator (which is not seen by other sites),
and each site can only talk to the coordinator. The goal
is to minimize the communication cost.

We can view the computation in terms of rounds.
At each round the coordinator picks a site P; to commu-
nicate, by sending P; a message based on all the previous
messages received from the k sites, and then P; replies
with a message based on its input x; and all previous
messages received from the coordinator.

We note that in the proofs, for reduction purposes
we will introduce intermediate problems in which the
coordinator will be given an input, but for the original
problem, that is, the Fy problem, the input for the
coordinator is always an empty set.

Communication complexity. In the two-party
communication complexity model, we have two parties,
Alice and Bob. Alice has an input x and Bob an input ¥,
and they want to jointly compute a function f(x,y) by
communicating with each other according to a protocol
II. Let II(x, y) be the transcript of the protocol running
on the input (z,y) € X x ).

1. The deterministic communication complexity (we
will abbreviate communication complexity as CC)
of a function f, denoted by D(f), is defined to
be ming max{|ll(z,y)| | (z,y) € X x YV}, where
(z,y) = f(z,y) for all (z,y) € X x V.

2. The d-error randomized CC of f, denoted by R?(f),
is defined to be ming max{|II(z,y)| | (z,y) € X x
Y}, where Pr[ll(z,y) = f(z,y)] > 1 — 6 for all
(z,y) € X x Y. Let R*PU(f) be the public coin
d-error randomized CC where players are allowed
to use public coins.

3. The é-error p-distributional CC  of  f,
denoted by Dz( f), is defined to Dbe
ming max{|[II(z,y)| | (z,y) € X x Y}, where
Pr(II(X,Y) = f(X,Y)] > 1 -0 when (X,Y) ~ p.

4. The expected §-error p-distributional CC of f,
denoted by ED(f), is ming E(x vy, [II(X,Y)],
where Pr[IlI(X,Y) = f(X,Y)] > 1 — § when
(X,Y) ~ p.

These definitions readily generalize from the two-party
communication setting to the multi-party setting.

LEMMA 2.1. (YAO’S LEMMA [28]) In the k-party com-
munication game, for any function f, any input distri-
bution p, and any § > 0, it holds that R°(f) > D5(f).

Moreover, when k = 2, there exists an input distribution
7 for which R®P*(f) = DI(f).

When k = 2, the lemma was proved in [28]. We can
easily extend the first part of the lemma to the general
k-party communication game, see, e.g., [27]. We have
included a proof in Appendix A for completeness.

Conventions. Let [n] = {1,2,...,n}. All loga-
rithms are base 2. We often identify sets with their
corresponding characteristic vectors when there is no
confusion. All bounds are in terms of bits.

3 An Q(klogn) Lower Bound

In this section we prove an Q(klogn) communication
lower bound for Fjy in the coordinator model. We first
introduce a problem called k-OR-NEQ and analyze its
randomized communication complexity, and then prove
a lower bound for Fy by a reduction. At the end, using
similar techniques we will also show a general result for
k-OR-f for any 2-player problem f.

3.1 The 2-NEQ Problem In the 2-NEQ" problem,
we have Alice and Bob. Alice has an input « € {0,1}"
and Bob has an input y € {0,1}". They output 1 if
x # y, and 0 otherwise. The superscript n on 2-NEQ
denotes the size of the input, which we will need to keep
track of. The following theorem can be found in [21],
Chapter 3.2.

THEOREM 3.1. RY3(2-NEQ™) = cp - logn, for an
absolute constant cg.

3.2 The k-OR-NEQ Problem The k-OR-NEQ
problem is defined in the coordinator model. The i-
th site has a vector z; € {0,1}", and the coordina-
tor has a vector y € {0,1}™. The goal is to compute

Vz‘e[k] 2-NEQ" (@i, ).
THEOREM 3.2. RY?0(k-OR-NEQ) = Q(klogn).

Proof. First consider NO instances of k-OR-NEQ: such
an instance has the form that each of the k& sites together
with the coordinator has the same input vector u, for
some u € {0,1}". We identify the NO instance with the
vector u.

We prove the theorem by contradiction. Suppose
that there is a randomized protocol P’ with communi-
cation cost o(klogn) for k-OR-NEQ. Then by a Markov
inequality, there exists a site Pr (I € [k]) for which for
at least a 1/2 fraction of NO instances u, at least a
99/100 fraction of random strings r have the property
that the communication between the coordinator and
Pr on u with random string r is at most « logn, for an
arbitrary small constant o > 0. Since P’ succeeds on



each input u with probability at least 19/20, by a union
bound, we have that for at least a 1/2 fraction of NO
instances u, a 99/100 — 1/20 > 9/10 fraction of random
strings r have the property that the communication be-
tween the coordinator and P; on u with random string
r is at most alogn, and P’ outputs the correct answer.
Let S C {0,1}™ be this set of NO instances u.

We perform a reduction from 2-NEQ"~! to k-OR-
NEQ. Let g be an arbitrary injection between {0, 1}7~!
and S. In 2-NEQ""!, let € {0,1}""! be Alice’s
input, and y € {0,1}"~! be Bob’s input. Alice and Bob
construct a protocol P for 2-NEQ" ! using the protocol
P’ for k-OR-NEQ as follows.

1. Alice simulates the site P; with input g(z).

2. Bob simulates the remaining k — 1 sites and the
coordinator by assigning all of them the input g(y).

3. They run P’ on the resulting input, denoted by =z,
for k-OR-NEQ.

Note that Bob can simulate any communication be-
tween P; (i # I) and the coordinator without any ac-
tual communication, and the communication between
Alice and Bob is equal to the communication between
P; and the coordinator. During the run of P’, if the to-
tal communication between the coordinator and P; ex-
ceeds alogn, they early-terminate the protocol, mean-
ing they stop the protocol once its communication ex-
ceeds alogn (otherwise we say the protocol normally-
terminates). They run P’ on z a total of cg times for a
large enough constant cr, which can be chosen indepen-
dently of «, using independent private randomness each
time. At the end, if more than a 1/10 fraction of the
runs are early-terminated, then they output “x # y”.
Otherwise, they output the majority of the outcomes
of the runs of P/, without counting those that early-
terminate.

Now we show that the resulting protocol P com-
putes 2-NEQ" ! correctly with probability at least 2/3.

First, if « = y, then g(x) = g¢g(y), that is, the
resulting input z for k-OR-NEQ is a NO instance.
Notice that by our choice of Py, with probability 99/100
over the randomness of P/, the communication between
P and the coordinator is at most alogn, that is, the
protocol will normally-terminate. By a Chernoff bound,
for a large enough constant cgr, with probability at
least 99/100, less than a 1/10 fraction of the cgr runs
will early-terminate. Moreover, P’ computes k-OR-
NEQ correctly with error probability at most 1/10 on
a run which is normally-terminated (by our choice of
site Pr). The process of running the protocol cg times
and then taking the majority of the outcomes, without
counting those that early-terminate, will only increase

the latter success probability. Therefore, protocol P
computes 2-NEQ" ! correctly with probability at least
1-1/100 —1/10 > 2/3.

Second, if © # y, then g(x) # g(y), that is, the
resulting input z for k-OR-NEQ is not a NO instance.
We analyze two cases.

1. If for at least a 4/5 fraction of random strings of
P’, the communication between the coordinator
and P; on z is at most alogn, then for each run,
P’ normally-terminates and outputs correctly with
probability at least 4/5 — 1/20 > 2/3. Running
the protocol cr times and taking the majority of
the outcomes, without counting those that early-
terminate, only increases the success probability.

2. If for at least a 1/5 fraction of random strings of P,
the communication between the coordinator and
Pr on z exceeds alogn, then for a large enough
number cpr of repetitions of P’, where cr is a
constant chosen independently of «, we have that
by a Chernoff bound, with probability at least
99/100 > 2/3, at least a 1/10 fraction of the runs
will early-terminate. Alice and Bob can detect such
an event and declare that = # y.

Finally, since « is unconstrained, by choosing a =
cg/(2cgr), the communication cost of P for 2-NEQ"~!
is at most cg - a -logn = cglogn/2 < cglog(n — 1) =
RY3(2-NEQ" ') (Theorem 3.1). We have therefore
reached a contradiction.

3.3 A Lower Bound of F, There is a simple re-
duction from k-OR-NEQ to approximating Fy up to a
constant factor (a (14e€)-approximation with 1+e < 3/2
suffices). By results in coding theory (c.f. [1], Sec-
tion 3.3), there exists a family G consisting of t = 2"
subsets of [n/i] (for a constant ), each of cardinality
n/(4c), such that for any two a,b € G, it holds that
lanbdl < n/(8).
Now given an input (z1,...,z5,y) € {0,1}" X
- x {0,1}" for k-OR-NEQ, we construct an input
for Fy. Let h be an arbitrary bijection between
{0,1}™ and elements in G. The k sites and the co-
ordinator run a (1 4 €)-approximation protocol for
Fy, for 1 + € < 3/2, on input (h(x1),...,h~(xy)).

Note that if k-OR-NEQ(x1,...,2%,y) = 1, then
we have Fy(h(z1),...,h(zx)) > n/(4) + n/(8);
and if k-OR-NEQ(z1,...,2k,y) = 0, then we have

Fo(h(z1),...,h(xg)) = n/(4t). Therefore we can use
a (1 + €)-approximation to Fy to solve k-OR-NEQ. The
following theorem is a direct consequence of this reduc-
tion and Theorem 3.2.



THEOREM 3.3. For 1+€ < 3/2, it holds that R"/?°((1+
€)-approzimate Fy) = Q(klogn).

3.4 The k-OR-f Problem In this section we gen-
eralize Theorem 3.2 to k-OR-f for an arbitrary 2-player
function f : {0,1}" x {0,1}™ — {0,1}. The k-OR-
f problem is defined in the coordinator model. The
i-th site has a vector x; € {0,1}", and the coordina-
tor has a vector y € {0,1}™. The goal is to compute
Vie[k] f(x;,y). We have the following theorem.

THEOREM 3.4. RY/29Pu(k-OR-f) = Q(k-RY/>Pu(f)).

REMARK 1. Note that in Theorem 3.4, we use the pub-
lic coin communication complexity, thus this theorem
cannot be directly applied to f = 2-NEQ for proving an
Q(klogn) lower bound, since RY/*P"(2-NEQ) = O(1)
(see, e.g., [21], Chapter 3.2). But this theorem is suffi-
cient for proving an Q(nk) lower bound for k-OR-DISJ
(f = 2-DISJ, see its definition in Section 4.1), which
has applications to many basic statistic and graph prob-
lems [27], e.g., loo, graph connectivity, bipartiteness,
etc.

Proof. (of Theorem 3.4) Let 7 be an input distribution
for f such that Di/s(f) = RY3PuP(f) By Yao’s
Lemma (Lemma 2.1) such a distribution always exists.
Let 7,79 be the induced distributions of 7 on YES
instances and NO instances, respectively. We can write
T=MAo+ (1 — A)7y for some 0 < A < 1.

We prove by contradiction. Assume that
RY20PUB(LOR-f) = o(k - RY3P™(f)) = o(k -
D3 (f)), and let P’ be such a protocol realizing
R/20.pub (] OR-f). Note that P’ succeeds on every in-
put with probability at least 19/20, over its randomness.
We will show that we can get a deterministic protocol
P for f on input distribution 7 with distributional com-
munication cost less than Di/ 3
tradiction.

First, note that if the input (Xy,...,X,Y) for k-
OR-f is distributed so that (X;,Y) ~ 1y for all ¢ € [k]
(that is, a distribution on the NO instances of k-OR-f,
denoted by Ték)), then by a Markov inequality, there
must be a site P; (i € [k]) for which with probability

99/100 over the distribution Ték) and the randomness of
P’, the communication between P; and the coordinator
is at most a- DY/ (f) (for some arbitrarily small constant
a > 0). Let P; denote such a site.

The reduction consists of two steps, during which
we allow Alice and Bob to use randomness, which we
will fix at the end.

Input reduction. Given an input (A4, B) ~ 7, Alice
and Bob construct an input (Xy,..., Xy, Y) for &-OR-f.

(f), resulting in a con-

1. Alice assigns the site P; the input X; = A.

2. Bob assigns inputs for the remaining k —1 sites and
the coordinator: He assigns the coordinator with
an input Y = B, and then independently samples
X1, X121, X141, -, X from the marginal dis-
tribution 79]Y’, and assigns them to the remaining
k — 1 sites.

Note that we have k-OR-f(X4,..., X, Y) = f(A, B).

Constructing a protocol P for f using a protocol P’
for k-OR-f. Alice and Bob run P’ on (X1,..., X, Y)
for k-OR-f a total of cg times for a large enough con-
stant cg using independent private randomness each
time, where cgr is chosen independently of «. Dur-
ing each run of P/, Alice simulates P;, and Bob sim-
ulates the remaining k — 1 sites and the coordinator.
Note that Bob can simulate any communication be-
tween P; (i # I) and the coordinator without any actual
communication, and the communication between Alice
and Bob is equal to the communication between P; and
the coordinator. In each of the cg runs, if the total com-
munication between Alice and Bob exceeds aDi/ 5( 1),
then they early-terminate that run (otherwise we again
say the run normally-terminates). At the end, if more
than a 1/10 fraction of runs early-terminate, they out-
put YES, otherwise they output the majority of the out-
comes of the runs (without counting those that early-
terminate).

Now we show that P succeeds on input (4, B) ~ 7
for f with error probability at most 1/12.

First, it succeeds on the distribution 75 (on NO
instances) with error probability at most 1/12. This
is because in each run, P’ normally-terminates with
probability 99/100 over the input distribution Ték) and
the randomness of the protocol, by our choice of Pj.
Moreover, since P’ is correct with error probability
at most 1/20 on each input, by a union bound, with
error probability at most 1/20 + 1/100 < 1/12 over
the input distribution Ték) and the randomness of
P’, P’ normally-terminates and outputs the correct
answer. Running the protocol cr times and then
taking the majority of the outcomes ,without counting
those that early-terminate, will not decrease the success
probability.

We next consider the distribution 71 (on YES
instances). First, P’ succeeds on every input with
probability at least 19/20 over its randomness, and
therefore this holds for every input created for P’ using
(A, B) in the support of 71 to assign to Pr and the
coordinator. The only case we have to take care of is
the early-termination of a run. Fix an input created for
P’ using (A, B) in the support of 7. Suppose that P’
early-terminates with probability at most 1/5 over the



randomness of the protocol. Then by a union bound,
with probability (1 —1/20) — 1/5 > 2/3, P’ outputs a
correct answer on each run. We can run the protocol cg
times (for a large enough constant cr) and then take the
majority of the outcomes, without counting those that
early-terminate, to reduce the error probability to 1/12.
Otherwise, if P’ early-terminates with probability more
than 1/5 over the randomness of the protocol, then after
running P’ a total of cg times, for a sufficiently large
constant cg, by a Chernoff bound, with error probability
at most 1/100 < 1/12, at least a 1/10 fraction of the
runs will early-terminate. Alice and Bob can detect such
an event and output YES.

Since 7 is a linear combination of 7y and 7y, P suc-
ceeds on input (A,B) ~ 7 with error probability at
most 1/12. The communication cost of the protocol
P is at most cg - « - Di/‘g(f) < Di/?’(f)/4 (by choos-
ing @« = 1/(8¢cg), which we can do since cg is chosen
independently of «). Finally, we use two Markov in-
equalities to fix all the randomness used in the reduc-
tion, such that the resulting deterministic protocol P
succeeds with error probability 4 -1/12 = 1/3 on input
distribution v, and its communication cost is less than
4. Dl/3(f)/4 = pY/3 (f). We have reached a contradic-
tion.

4 An Q(k-min{n,1/e*}) Lower Bound

In this section we prove an Q(k/e?) lower bound for
Fy. We will focus on Q(1) < k < O(1/€?), since an
Q(k/(e*log(e?k))) lower bound for k > Q(1/€%) was
already shown in [25]. In Section 4.5 we note that in
fact, we can also achieve Q(k/€?) for the case when
k > Q(1/€?), by a better embedding argument.

For the case when Q(1) < k < O(1/€2), we start
with a problem called 2-SUM, whose expected distribu-
tional communication complexity can be obtained by a
reduction from another problem called 2-BTX (stands
for k-BLOCK-THRESH-XOR). Next, we use a reduc-
tion from 2-SUM to prove a distributional communi-
cation complexity lower bound for a problem called k-
SUM. Finally, we prove a lower bound for Fjy by a re-
duction from k-SUM.

We will set the universe size in this proof to be
n = O(1/e?), and prove an Q(k/€?) lower bound. If
n = w(1/e?), then we can simply use a subset of the
universe of size ©(1/e?). If n = o(1/€2), then we can still
use the same proof with an approximation parameter
€ =1/y/n > € (that is, we can prove the lower bound for
an even larger error), and obtain an Q(k/(¢')?) = Q(kn)
lower bound.

We fix 8 = 1/4 in this section.

4.1 The 2-DISJ Problem In the 2-DISJ problem,
Alice has an input X = (Xy,...,Xr) € {0,1}£, and
Bob has an input Y = (Y7,...,Yz) € {0,1}F. The
output 2-DISJ(X,Y) = 0 if >0,y X, A Y, = 0, and
2-DISJ(X,Y) = 1if >0 pepy Xe A Yy > 1. We define an
input distribution p for 2-DISJ:

p @ For each ¢ € [L], choose Dy € {0,1} uniformly
at random. If D, = 0, then set X;, = 0, and
choose Yy € {0, 1} uniformly at random. Otherwise
if Dy =1, then set Yy = 0, and choose X, € {0,1}
uniformly at random. The choices for different
¢ € [L] are independent. Finally, pick a special
coordinate M € [L] uniformly at random, and reset
(Xar,Yar) € {0,1}? uniformly at random.

Note that when (X)Y) ~ p,
Pr[2-DISJ(X,Y) = 1] = 1/4 = 6.

we have

4.2 The 2-SUM Problem In the 2-SUM problem,
Alice and Bob have inputs X = (X' ..., X?) and
Y = (Y1,...,Y?), respectively. They want to approx-
imate 2-SUM(X,Y) = > >,y 2-DISJ(X7,Y7) up to an
additive error of v/Bt. We define an input distribution
v for 2-SUM.

v: For each j € [t], we independently pick (X7,Y7) ~

L.

In [25], Section 4.4, a similar problem called k-BTX
problem was considered. When k = 2, 2-BTX can
be stated as follows: There are two parties Alice and
Bob. Alice has an input X = (X!,...,X?) and Bob
has an input Y = (Y!,...,Y?). Independently for each
4, (X7, Y7) ~ p. Thus (X,Y) ~ v. Let M7 be the index
of the special coordinate when sampling (X7,Y7) from
w. The problem 2-BTX is:

Lo ey Xip ©Yin — 3| > 4VBE,
ZBIX(XY) =9 0, if Y0 X0, @YY, — & <2VBL,

%, otherwise,

where * means that the output can be arbitrary.
The following theorem for 2-BTX is an easy conse-
quence of Corollary 1 in [25]. 2

THEOREM 4.1. ED% (2-BTX) = Q(tL), for a suffi-

ciently small constant 61 .

2Corollary 1 in [25] states that any randomized protocol that
computes 2-BTX on input distribution v with error probability &
for a sufficiently small constant § has communication complexity
Q(tL). We can replace the randomized protocol with any
deterministic protocol. We can also terminate the deterministic
protocol when the communication exceeds C - ED?,(Z-BTX) for an
arbitrarily large constant C, which only introduces an additional
(arbitrarily small) error of 1/C. Thus if EDS(2-BTX) = o(tL),
then we also have Dg+1/c(2—BTX) =o(tL).



The following theorem can be shown by a simple
reduction from 2-BTX to 2-SUM.

THEOREM 4.2. ED%2(2-SUM) = Q(tL), for a suffi-
ciently small constant 5.

Proof. To show the desired communication cost, we just
need to show that if we have a protocol P for 2-SUM on
input distribution v with error probability d2 = §1/2,
then by running P twice we can solve 2-BTX on input
distribution v with error probability d;.

To see that this can be done, Alice and Bob first
run protocol P on (X,Y’), obtaining a value W, which
approximates 3, AND(Xy,;, Yy, ;) up to an additive
error /Bt. Next, Alice and Bob flip all bits of X and
Y, obtaining X,Y, respectively, and then they run P
on (X,Y), obtaining a value W, which approximates
> e AND(X7,,, Yy;) up to an additive error /Bt
Finally, t — (W1 + W2) approximates X{m ® Yziﬂ
up to an additive error \/Bt4+/5t = 21/5t, and therefore
solves 2-BTX.

4.3 The k-SUM Problem The k-SUM problem is
defined in the coordinator model. Each site P; (i €
[k]) has an input X;, and the coordinator has an
input Y. The k + 1 parties want to approximate
>icpr) 2-SUM(X;,Y) up to an additive error /Bkt. We
define an input distribution ¢ for k-SUM.

1: We first choose (X1,Y) ~ v, and then indepen-
dently choose Xs,..., Xy ~ v|Y (the distribution
of A conditioned on B =Y, when (A, B) ~ v).

We show that any protocol that computes k-SUM well
must effectively compute many of the 2-SUM(X;,Y)
values well, and then prove a lower bound for k-SUM
using a reduction from 2-SUM. If not otherwise speci-
fied, probabilities, expectations and variances below are
taken over the input distribution ¢ to k-SUM.

Let X; = (X},...,X}) and YV = (Yi,...,Y?).
By definition of distribution v, we have (XZJ JYI) ~
p for each pair (7,7), and these are independent for
different values of j. Let Z/ = 2-DISJ(X],Y7) ~
Bernoulli(3), and let Z; = 2.y Z!. We have the
following observation, based on the rectangle-property
of communication, whose proof can be found in [25]: 3

OBSERVATION 1. Conditioned on 11, Zy, ..
dependent.

., Ly are in-

The following definition characterizes the usefulness
of a protocol transcript IT = 7.
3Tn 25

n ], Z;’s are bits, but the proof also works for general

random variables Z;, as long as they are independent.

DEFINITION 1. We say a transcript m is weak if
>icw Var(Z; | I = ) > Bkt/co where co = 200/63,

and strong otherwise.

LEMMA 4.1. Let II be the transcript of any determinis-
tic protocol that computes k-SUM on input distribution
¥ with error probability 03 for a sufficiently small con-
stant d3. Then Pr[Il is strong] > 1 — §2/10.

The proof in the high level is similar to Lemma 3 of
[25]. The differences are (1) Zi,...,Z; are integers
rather than bits, and (2) we also have a different
setting of parameters. In particular, we cannot use
the anti-concentration result (Fact 1 in [25]) directly.
We instead use the Berry-Esseen theorem together with
some additional conditions.

Let k = /¢, logk for a sufficiently large constant
¢k Let & be the indicator variable of the event that
|Z; — Bt] < kvt Let € = & NE A ... A€ We have the
following simple claim.

Cram 1. Pr[¢ =1] > 0.99.

Proof. For each i € [k], note that Z; =} .. 7} and
Zij ~ Bernoulli(8). We apply the Chernoff-Hoeffding
bound for each i € [k] and get Pr[&; = 1] > 1—e /3 >
1 —e—¢x/31ogk  The claim follows by a union bound on
& (i € [K]), by choosing a large enough constant c,.

We need two more definitions and an auxiliary
lemma.

DEFINITION 2. We say a transcript w is rare™ if Il =,
E[Z; | Il = x| > 46t and rare™ if E[Z; | Il = x| < (t/4.
In both cases we say m is rare. Otherwise we say it is
normal.

DEFINITION 3. We say Z = {Z1,Z2,...,Z;} is a
joker™ if ik Zi = 2Btk, and a joker™ if 37, ;) Z; <
Btk/2. In both cases we say Z is a joker.

The following lemma is similar to Lemma 2 in [25].
We include a proof for completeness.

LEMMA 4.2. Let II be the transcript of any determinis-
tic protocol that computes k-SUM on input distribution
¥ with error probability 03 for a sufficiently small con-
stant d3, then Pr[II is normal] > 1 — d2/20.

Proof. First, Zie[k] Z; = Zie[k] Zje[t] Zl-j7 and Zg ~
Bernoulli(8) for all i € [k],j € [t]. Applying a Chernoff
bound on random variables Z/’s, we have

Pr(Z is a jokert] = Pr Z Z; > 2Btk | < e R,
1€ (K]



We next use Observation 1, and apply another Chernoff
bound on Z; | IT = w. Note that (Z; | II = ) € [0, ¢] for

all i € [K]. Let Z = E[L,ep i | =]

Pr[Z is a joker™ | IT is rare™]

> ZPI‘ [ = | is rare™|
xPr [Z is a joker" | I = 7,11 is rare™]
= ZPI‘ [T = | Iis rare™|
xPr | > Z; > 2Btk | Z > 4Btk I ==
i€[k]
>

ZPr [H = |Ilis rare+] (1 _ e—Q(k))

(1 — e_Q(k)) .

Finally by Bayes’ theorem, we have

Prl[II is rare™]

Pr[Z is a jokert] - Pr[IT is rare™ | Z is a joker™]
]

Pr[Z is a jokert | IT is rare

ﬂ < g~ Utk)
1—e k) — '

Similarly, we can also show that Pr[Il is rare™] <
e tR) " Therefore Pr[II is rare] < e~ ¥tF) < §,/20.

Now we prove Lemma 4.1.

Proof. Let Z = E [Zie[k} Z; ‘ H}. We first show there

exists a constant d; = d¢(cy) such that

(4.1) i

Pr Z Z; < Z +2+/ftk | II is normal & weak| > §,,
| i€[k] ]

(4.2) i

Pr Z Z; > Z + 4/ Stk | 11 is normal & weak | > dp.
| i€[k] ]

The first inequality is a simple application of Chernoff-
Hoeffding. Recall E [Eie[k] Z; ’ 1T is normal| < 45tk.

Using Observation 1, we have

Pr| Y Z; < Z+2/Btk | 1L is normal
i€ (k]

> 1-Pr| Y Z >Z+2y/Btk | Ilis normal

i€ k]
—2
> 1—e % >1-¢7?
> dp. (for a sufficiently small constant dy)

Now we prove the second inequality. We will need
the following version of the Berry-Esseen theorem.

THEOREM 4.3. (BERRY-ESSEEN) Let Xi,Xo,..., Xy
be independent random wvariables with E[X;] =

0,E[X2] = 02, and E[|X;]*] = pi < oco. Also, let
Sk = Zie[k] Xi/\/>.; 07 be the normalized sum. De-

note Fy, the cumulative distribution function of Sk, and
® the cumulative distribution function of the standard
normal distribution. Then there exists an absolute con-
stant ¢ such that

3/2

2
o

sup [ Fi.(z) — ®(z)| <c- > ps
z€R i€[k)

i€ [k]

In our application, we define X; = (Z;|I,¢ =
1) — E[Z|IL, € = 1]. Thus E[X;] = 0, and for all i € [k],
(4.3) pi < |Xil® < (26V1)°,

by the definition of &.
Let 02 = Zie[k] o? = Var[zie[k] X =
Var [Zie[k] Z; | 1,€ = 1]. For a weak II, we have

Var Z Z; | 11 is weak

i€ (k]
= Z Var [Z; | IT is weak] (by Observation 1)
i€[k]
> ptk/co. (by definition of a weak II)

We next bound Var [Zie[k] Z; | T is weak, & =1
using Var {Zie[k] Z; | M is Weak}. We first define a

few events. Let 1 be the minimum value for which
Z; € Bt —n-Vt,pt+n- /1 for all i € [k]. By
Chernoft-Hoeffding and the union lgound, this holds
with probability at least 1 — k - e~ /3. Define F, to
be the event that 7 € [y, 2y]. We have



(4.4) Var

> Zi | s weak
1€[k]

2
= E[(ZZi—Z> |Hisweak,§—1]-Pr[§—1]
+ Y E
j=logk

i1€[k]
2
> Zi—Z| |Ilis weak,& =0, Fy
i€[k]
(4.5) -Pr[Fy]

2
< E [(Z ZiZ) |Hisweak,§:1]

ic[k]
46) + > (k-16-47 1) (k- ¥/
j=logk
< Var Z Z; | Il is weak, & = 1]
i€ k]

(4.7) +t/poly(k),

where

1. (4.4) — (4.5) is due to the law of total expectation.

2. (4.5) — (4.6) since (1) Fy; holds with probability
at most k-e~*/3 by a Chernoff bound and a union
bound over all ¢ € [k]; (2) conditioned on Fy;,
> €[k Z;—Z7 is bounded by the maximum deviation
of Zie[k] Z;, which is at most 2-2-27 - \/t, where
one of the 2’s comes from the definition of F,, that
is, n < 2y.

3. (4.6) — (4.7) holds if we choose constant ¢, (recall
that K = /¢, log k) large enough. This is because

oo . )
Z (k-16-47 -t) - (k-e*/3)
j=log Kk
o0 .
< ) 16k e
j=log k
< 2t 16k e 2
< 2-t-16k% - eor/MIo8k < ¢ /poly (k).

We therefore have

o = Z o}
i€ [k]
Z Z; | I is weak, £ =1
L€ [k]
Z Z; | T is weak | — t/poly(k)
L€ [k]

Bt/ (2¢o).

Conditioned on ¢ = 1 and weak II, by Theorem 4.3,
using (4.3) and (4.8) we get

> Var

48) >

3/2
sup | Fi(z) — ®(z)] < ¢ Y pi > o
zeR i€lk] i€[k]
. Zie[k](%\/i)?’
= (Bth/(2c0))°7
= 8¢/(B/(2c0))*? k¥ /VE
(4.9) < c¢gB,

for an arbitrarily small constant cp, given k > czk8 =

- ¢ log® k for a large enough constant /.

Using (4.9), and the fact that for a standard normal
random variable z, Pr[z > ¢,] > cn(c,) for any
constant ¢,, where ¢y (c,) is a constant depending on
Co, We have

Pr ZXi24\/%-a|Hisweak
1€ K]

> 0,
for a sufficiently small constant §;. Consequently,

Pr Z Z; > 7 + 44/ Btk | 11 is weak

Li€[k]

> Pr Z Zi > Z 4 4+/Btk | I is weak, & = 1
_ie[k]
xPr[¢ = 1]

> 0.995) > &,

for a sufficiently small constant d,. In the last equality
we have used Claim 1.

By (4.1) and (4.2), it is easy to see that given that II
is normal, it cannot be weak with probability more than
02/20, since otherwise by Lemma 4.2 and the analysis
above, the error probability of the protocol will be at
least (1 — 62/20) - 62/20 - §; > 6, for a sufficiently small



constant error J, violating the success guarantee of the
lemma. Therefore,

Pr[II is normal]

Pr[II is normal and strong]

Pr[II is normal] Pr[II is strong | II is normal]
(1 —=92/20) - (1 — d2/20)

(1 —95/10).

Now we perform a reduction from 2-SUM to k-SUM.

vV IV IV IV

LEMMA 4.3. Suppose there exists a deterministic pro-
tocol P’ which computes k-SUM on input distribution
¥ with error probability d3, for a sufficiently small con-
stant 63, and communication o(C). Then there exists
a deterministic protocol P that computes 2-SUM on in-
put distribution v with error probability 6o and expected
communication o(C/k).

Proof. Given protocol P’, Alice and Bob can solve 2-
SUM on input (A,B) ~ v as follows. They first
construct an input (Xi,...,Xg,Y) ~ ¢ for k-SUM
using (A, B). We call this step input reduction. They
then run protocol P’ on (Xi,...,X,Y). Finally, they
use the resulting protocol transcript to solve 2-SUM on
input (A, B). In the input reduction, for convenience,
we allow Alice and Bob to use both public and private
randomness. We will fix all the randomness at the end
of the argument.

Input reduction.

1. Alice and Bob pick a random player P; (I € [k])
using public randomness.

2. Alice simulates Py. She assigns P; the input X; =
A.

3. Bob simulates and constructs inputs for the
remaining (k — 1) players and the coordina-
tor. He assigns the coordinator the input
Y = B. Next, he uses private randomness
to generate Xi,...,X7r-1,Xs41,...,X; indepen-
dently according to v|Y, and assigns them to
Py,...,Pr_1,Pry1,..., Py, respectively.

The resulting (X7, ..
to .

Next, Alice and Bob run P’ on (Xi,..., X, Y).
By Lemma 4.1, with probability 1 — d2/10, we obtain
a strong II = 7. For a strong II = 7, by a Markov
inequality, for at least a (1 — d2/10) fraction of ¢ € [k],
it holds that Var[Z; | II = n] < Bt/cy, where ¢; =
(62/10) - ¢g = 20/02. Let G™ be the collection of such
1. For a strong I = m, and an i € G™, by Chebyshev’s
inequality, we have

Pr [|zi —E[Z |1l =x]| < e - VBl]er

., Xk, Y) is distributed according

Since I is chosen randomly from [k], by a union bound,
with probability 1—02/10—d02/10—1/¢; = 1—3d5/4 over
the input distribution v and the randomness used in the
input reduction, we get a strong II = 7 and I € G™
is such that |Z; — E[Z; | Il = 71]| < /Bt. That is, we
approximate Z; = 2-SUM(A, B) up to an additive error
VBt

We next analyze the communication cost. Since
I is chosen randomly from [k], and conditioned on Y,
X; (i € [k]) are independent and identically distributed,
the expected communication between player P; and the
coordinator (or equivalently, the expected communica-
tion between Alice and Bob in the simulation) is equal
to the total communication among the k players and the
coordinator divided by a factor of k, which is o(C/k),
where the expectation is taken over the input distribu-
tion v and the choice of I.

Finally we use two Markov inequalities to fix all the
randomness used in the reduction, such that the result-
ing deterministic protocol P succeeds with probability
1 — 05 on input distribution v, and the expected com-
munication cost is o(C/(4k)) = o(C/k).

Combining Lemma 4.3 and Theorem 4.2, we have
the following theorem for k-SUM.

THEOREM 4.4. fo'(k—SUM) = Q(ktL), for a suffi-

ciently small constant Js.

4.4 A Lower Bound for Fy when (1) < k <
O(1/€?) In this section we set § = 3/2, ¢z, = 1000/4,
L =cpk,v=1/(12¢c1), and t = 1/(e?k). We define an
input distribution ¢ for the Fy problem.

¢: We choose (X1,...,X,Y) ~ 1, and write X; =
(X}, ..., X!) where X € {0,1}L. Next, for each
i € [k],j € [t] and £ € [L], we assign an item
(j =1L+ € tosite Py if X, = 1.

Note that the size of the universe of items is n = tL =

1/(?k) - cLk = ©(1/€%).

THEOREM 4.5. Suppose that Q(1) < k < O(1/€%).
Then RY3((1 + €)-approzimate Fy) = Q(k/€2).

We first show a reduction from k-SUM to Fy.

LEMMA 4.4. Any deterministic protocol P which com-
putes a (1 4 ve)-approzimation to Fy, for a sufficiently
small constant v > 0, on the above input distribution
¢ with error probability § and communication C can be
used to compute k-SUM on input distribution v with er-
ror probability 26(= d3) and communication C.

Let B ~ (. Let M/ (i € [k],j € [t]) be the index

M= Tr] > 1—-1/c1.of the special coordinate when sampling (X7, Y7) from



1. We prove the lemma by establishing a relationship
between Fy(B) and

k-SUM(X1,..., X}, Y)

= > | > 2-DIsix!,v)
JE[t] \i€[k]

SID 3 DITECCR TN
jelt] \ic[k] ’

Let N7 = {i | AND(XJM],y{Mg) = 1}. Let
U/ = |Ni|, and let U = 3, yU’. Thus U =
k-SUM(X1,..., X}, Y). Let R = ‘{MZ |ie N7}, and
let R=Y . B. Let QI = ’{uie[k]xg \Y7]}], and let

Q=3 jel] @’. For convenience, in the remainder of
the paper when we write E[Q] and E[R], we actually
mean E[Q | Y = y] and E[R | Y = y| given a fixed
Y = y (the input of the coordinator).

We start by proving a technical lemma. Roughly
speaking, it shows that Fy(B) is tightly concentrated
around E[Q] + E[R], and E[R] has a fixed relationship
with U = k-SUM(X1, . .., Xz, Y).

LEMMA 4.5. With probability 1 — 26, it holds that
Fo(B) = E[QI+E[H] + 1 = Q]+ (1-\)U +#,, where
|k1] < 1/(4e€), and A is a fized constant in [0,5/(4cr)].

We prove this lemma by two claims. Please see
the paragraph below Lemma 4.4 for the definitions of
relevant notations (Q,R,U, etc.), and the values of
parameters (cr, L, etc.) at the beginning of Section 4.4.

CLAIM 2. With probability 1 — e=2*) it holds that
Fy(B) = E[Q] + R + ko, where |ko| < 1/(8e¢).

Proof. We first consider j = 1. Recall in the input
distribution 9, we have (X}, Y1) ~ u for all i € [k]. Let
D}, (i € [k],£ € [L]) be the random variable which is
chosen from {0, 1} uniformly at random when sampling
(X1, Y1) from p: If Df, = 0, then X}, = 0 and Y;' is
chosen from {0, 1} uniformly at random; and if Dil’ =1,
then Y,! =0 and X +¢ 1s chosen from {0, 1} uniformly at
random.

For any ¢ € [k] and ¢ € [L], we consider the

probability that Xl-{ , = 1 conditioned on Y,! = 0.
Pr(X;, =1|Y/ —0}

Pr[D;, =0]-Pr[X],=1|Y/ =0,D;, =0]
+Pr[Di1,£ = 1] 'Pr[Xil,e =1|Y/) = 07Di1,Z = 1]

> 1/2- Pr[X}l =1]Y} = O’Dil,é =1]

> 1/2-Pr[l# M}]-Pr[X},=1|Dj, =10+ M/]
—1/2-Pr[l = M}

= 1/4-(1-1/L)—1/(2L)

> 1/5.

By a Chernoff bound, for an ¢ such that Y,! = 0,
Yick Xie = 1 with probability 1 — e~

imilarly, we can show that, for each j, for each
¢ € [L] such that Y/ =0, 1tholdsthatz6 XMZl

with probability at least 1 —e—2(F), Therefore, we have

ZZ

t]| L€[L]

752

Var[Q e ) < o kte ),

By Chebyshev’s inequality, it holds that

Pr(|Q — E[Q]| > Vkt/8]

Var[Q] _ cpkte %) _ o Qk)
—  kt/64 kt/64
Note that items corresponding to Uze[ ]Xj are
different from those corresponding to |J, ek X T 4
J), we thus have
= Fo(X{,....X])
Jjelt]
= > ([{uiew X \Y I} + [{UiewXI Y]}
jeli]
= Q+R
= (E[Q} + KO) + R7

where |kg| < Vkt/8 = 1/(8¢) with probability 1 —
k).

e~

We next analyze the value R.

CLAaM 3. With probability 1 — §6/2, we have
|R—E[R]|] < +/Bkt/4, where E[R] = (1 — \U

for a fized constant 0 < A < 5/(4cr).

Proof. For a vector V € {0,1}1, let wty (V) = {0 | Vi =
1}.

We first consider j = 1. For a fixed Y'! = y, for each
i € [k], we consider the probability Pr[M}! = (| Y = y]



for an ¢ € [L]. By Bayes’ theorem,

Pr[M}! =0 | Y =y]
Pr[Y! =y | M! =/{ - Pr[M; —Z]
B Pr(y! =y]
Let sg = [{¢' | Y} = 1,0 # (}|. Then
1 1 Sy 3 L—1—sy
1 l_pn=2-.(Z 2
PrlY' =y | M; =¢ 5 <4> (4> .

Now we can write

Pr(M = (V' =y
(;)L—l—Sg 1

(4'10) _ % (i) ) 49/ 'fl_g/ .
See (53 (1) G)T)

Let sy = sifyp = 1. Then sy = s+ 1if y, = 0.
Thus we can write (4.10) as
(4.11)

Pr|

1
+ (L —wti(y)/3

which is a fixed value for a fixed Y = y.

We can view the value of R! as a result of a bin-ball
game: we view {M} | i € N'} as the balls and {¢ | ;! =
1} as the bins. We throw balls to bins uniformly at
random, and the result of the game is the number of
non-empty bins at the end. We can think balls are
thrown to bins uniformly at random, since given a fixed
Y! =y, Pr[M} = ¢ | y, = 1] is fixed for all i € [k] by
Equation (4.11), and Pr[¢ € N' | M} =0, y, =1] =1/2
for all i € [k] by our choice of the input distribution.

Let U' = |[N'| be the number of balls, and V! =
wt1 (Y1) be the number of bins. By Chernoff bounds,
with probability 1 —e=?(F) —e=k) = 1 —=2*) (recall
that we have set L = cpk for a constant cp), we have
V1> L/4—001L > L/5 and U < 28k = k/2 (recall
that we have set 8 = 1/4). By Fact 1 and Lemma 1 in
[20], we have

1. E[R] =V!(1—(1—-1/VH)U") = (1—=A)U" for some
fixed constant 0 < A < U'/(2V1) < 5/(4cp).

2. Var[R'] < 4(UN2/V. (1 — e 2F) 4 k2. =20k <
Sk/cr, + k% - e ) < 6k/cy.

By the same argument we can show that E[R’] =
(1 — MU’ and Var[R/] < 6k/cy for all j € [t.
Using the fact that R',...,R' are independent by
our choice of the input distribution, we get E[R] =
Yiem B = (1 =AU’ = 1 - AU, and
Var[R] = i1y Var[R/] < 6kt/cr. By Chebyshev’s
inequality, we have (recall we set ¢y, = 1000/0)

— Var|R] 6kt/cL
Il > vBkt/4] < ﬂkt/16 kt/64 <9/2.

M=y =1] =

Pr[|R - E[R

Therefore with probability 1 — §/2, the claim holds.

By Claim 2, Claim 3, and the fact that P computes
Fy correctly with error probability ¢, we have that with
probability 1 —e=?®) —§/2 —§ > 1 — 24,

—B(Q]+ (1 -
where |r1| < /BEt/4+ |ko| < 1/(8€) +1/(8€) = 1/(4e).

Proof. (of Lemma 4.4) Given a W which is a (1 + ve)-
approximation to Fy(B), by Lemma 4.5, with probabil-
ity 1 — 26 it holds that W = E[Q] + (1 — \)U + ka,
where

Fy(B) MU + k1,

k| <ve- Fo(B) + |ka| < yetl + [r1] <1/(3¢)

(for a small enough constant ). Now the coordinator
who holds Y can approximate U using W: U = LE[Q].
The additive error of this approximation is at most
|ka|/(1 = A) < 1/(2¢) = /Bkt. Thus P can be used
to compute k-SUM correctly with probability at least

1—26.

Finally, Theorem 4.5 follows immediately from
Lemma 4.4, Theorem 4.4, Lemma 2.1, and the fact that
RY3(f) = ©(R%(f)) for any constant § < 1/3. By our
choices of t and L, Q(ktL) = Q(k/€?).

4.5 An Improved Lower Bound for F;y when
k > Q(1/€?) As mentioned, in [25] a lower bound of
Q(k/(e®log(ek))) was shown for Fy when k > Q(1/€?).
Here we make an observation that we actually can
improve it to Q(k/€?), by a better embedding argument.

n [25], a problem called k-APPROX-SUM is de-
fined in the coordinator model. This problem is sim-
ilar to a degenerate case (when t = 1) of the k-SUM
problem defined in Section 4.3, but with a different in-
put distribution. In k-APPROX-SUM, the coordina-
tor has input Y and each site P; has input X;. We
choose (X1,Y) ~ 7,, and then independently choose
Xo,..., X ~ 1,|Y. Here 7, is an input distribution for
2-DISJ, defined as follows.

7y Let n = O(1/€?). Let ¢ = (n + 1)/4. With
probability 1,  and y are random subsets of [n]
such that |z| = |y| = £ and |x Ny| = 1. And with
probability 1 —n, 2 and y are random subsets of [n]
such that |z] =|y| =¢ and z Ny = 0.

Let 0, be this input distribution for k-APPROX-SUM.
Let Z; = 2-DISJ(X;,Y). The goal of k-APPROX-SUM
is to approximate Zie[k] Z; up to an additive error of
Vik.

The following reduction from 2-DISJ to k-
APPROX-SUM was established in [25]. The lower



bound for F, follows by another reduction from k-
APPROX-SUM (Lemma 8 in [25]), and a lower bound
for 2-DISJ: for any 7 < 1/4, ED?/'(2-DISJ) = Q(n).
We refer readers to [25] for details.

For convenience, we set p = 1/(e2k) in the remain-
ing of the section.

LEMMA 4.6. ([25], LEMMA 9) 4 Suppose that there ex-
ists a deterministic protocol P’ which computes k-
APPROX-SUM on input distribution 0, with error
probability & (for a sufficiently small constant 6) and
communication C, then there exists a deterministic pro-
tocol P that computes 2-DISJ on input distribution T,
with error probability p/100 and expected communica-
tion O(log(€2k) - C/k), where the expectation is taken
over the input distribution 7,.

In this paper we improve this lemma to the follow-
ing.

LEMMA 4.7. Suppose that there exists a deterministic
protocol P’ which computes k-APPROX-SUM on input
distribution 0, with error probability § (for a sufficiently
small constant 6) and communication C, then there
exists a deterministic protocol P that computes 2-DISJ
on input distribution Ty, with error probability 1/400
and communication O(C/k).

Note that we have shaved a log(e?k) factor in
the communication in the reduction. This is how
we manage to improve the lower bound of Fy when
k > Q(1/€?) by a log(e2k) factor. The improvement
comes from the observation that we do not need a
totally symmetric distribution of Xi,..., X;. We have
also replaced “expected communication” by “(worst-
case) communication” in the last sentence of the lemma,
which only helps since the worst-case communication
cost is always at least the expected communication cost.

For completeness, in the proof of Lemma 4.7 we
first repeat part of the proof for Lemma 4.6 in [25], and
then address the modifications. We need the following
definition and theorem from [25] for k-APPROX-SUM.
Let 1 > 0 be a sufficiently small constant. In k-
APPROX-SUM, for a fixed transcript II = 7, let ¢f =
Pr(Z,=1| I =n]

DEFINITION 4. ([25]) Given an input (z1,...,%k,Y)
for k-APPROX-SUM and a transcript 11 = m, let
2; = 2-DISJ(z;,y) and z = {z1,...,2}. Define II(z) =
(xq,...,zk,y). Let ¢y be a large enough constant. We
say 7 is good for z if II(z) = m, and for at least a 1 —&;
fraction of {i € [k] | z; = 1}, it holds that qF > p/co;

TThe original Lemma 9 in [25] is in fact a combination of this

lemma and Lemma 8 in [25].

and for at least 1 — 01 fraction of {i € [k] | z; = 0}, it
holds that ¢f < p/co.

THEOREM 4.6. ([25]) Let II be the transcript of any
deterministic protocol for k-APPROX-SUM on input
distribution 0, with error probability 6 for some suffi-
ciently small constant §, then Prg,[I1 is good] > 1 —6;.

Proof. (of Lemma 4.7) In 2-DISJ, Alice has A and Bob
has B, where (A, B) ~ 7,. The reduction again consists
of two phases. During the reduction, for convenience,
we will use public and private randomness, which we
will fix at the end.

Input reduction phase. Alice and Bob construct an
input for k~-APPROX-SUM using A and B. They pick
a random site P; (I € [k]) using public randomness.
Alice assigns P; the input X; = A; Bob assigns the
coordinator with input Y = B, and constructs inputs
for the remaining k£ — 1 sites as follows: for each
i € [k]\I, Bob samples an X; according to 7,|Y using
independent private randomness, and assigns it to P;.
Let Z; = 2-DISJ(X,,Y). Note that {X;,..., X3, Y} ~
0,. Intuitively speaking, we “embed” the input (4, B)
for 2-DISJ between P; and the coordinator in the k-
APPROX-SUM.

Stmulation phase. Alice simulates P;, and Bob
simulates the remaining k — 1 sites and the coordinator.
They run protocol P’ on {Xi,...,X;, Y} ~ 9, to
compute k-APPROX-SUM with error probability . By
Theorem 4.6, for a 1—4; fraction of Z = z over the input
distribution 3, and 7 = II(z), it holds that for a 1 — &,
fraction of {i € [k] | z = 0}, ¢f < p/co, and a 1 — &;
fraction of {i € [k] | z; = 1}, ¢ > p/co. Now they
output 1 if ¢T > p/co, and 0 otherwise.

Now we show the correctness of the protocol and
analyze the communication cost. Since P; is chosen
randomly among the k sites, and conditioned on Y, all
X; (i € [k]) are independent and identically distributed,
P’ computes Z; = 2-DISJ(X,Y) on input distribution
T, correctly with error probability at most 6; 4+ 6; <
201, and the expected communication between P; and
the coordinator is C'/k. Both the probability and the
expectation are taken over the input distribution 7,.
By a Markov inequality, with error probability at most
201 + 02 (for an arbitrarilyy small constant ds) over
the input distribution, it holds that the communication
between P; and the coordinator is at most k3C/k
for a large enough constant k3. Finally, using two
Markov inequalities, we can fix all the randomness
used in the reduction, and the resulting deterministic
protocol P” for 2-DISJ under input distribution 7,
has communication cost 4k3C/k and error probability
4(261 + 92).

We next modify the embedding. We change the



input distribution for Alice and Bob from (A,B) ~
7, to (A,B) ~ 74 Let Z; = 2-DISJ(A,B) ~
Bernoulli(1/4). We still perform the same input reduc-
tion and simulation as P”. The only modification on
P"” to obtain the final protocol P is that in the sim-
ulation phase, when the communication between Alice
and Bob (equivalently, between P; and the coordina-
tor) exceeds 4k3C/k, we early-terminate the protocol
and output “error”.

Obviously, the communication cost of P is always
bounded by 4k3C/k = O(C/k). Now we analyze the
error probability of P. Let TV((, (') be the total vari-
ation distance between distributions ¢ and ¢’, which
is defined to be maxacx [((A) —('(A)|, where X is
the union of supports of distributions (,{’. The ob-
servation is that if we change Z; ~ Bernoulli(p) to
Z§ ~ Bernoulli(1/4), the total variation distance be-
tween (Z1,...,21,...,2Z;) (all Z; ~ Bernoulli(p)) and
(Z1,y... ZY, ..., Z) is at most

max{TV(Binomial(k,n), Binomial(k — 1, 7)),
TV(Binomial(k, n), Binomial(k — 1,7) + 1)},

which can be bounded by O(1/vnk) = O(e) (see,
e.g., Fact 2.4 of [17]). Therefore, under the input
distribution 71,4, Pr[P early-terminates] < O(e), and
Pr[P is correct | Pnormally-terminates] < 4(201 +d2) +
O(e). Thus the total error probability can be bounded
by (4(261 + d2) + O(€)) < 1/400, by choosing constants
01, 02 sufficiently small.
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A  Proof for Lemma 2.1

Proof. If 11 is a é-error protocol then for all possible in-
puts 21, ..., 2" to the k players, let R be the randomness
used by the k players,

Prg[(z!, ..., 2%) = f(z!,...,2")] > 1 -4,
which implies for any distribution p on (x!, ..., z¥) that
PrR,(z17.”7zk)NH[H(x1, e ,xk) = f(wl, ce a:k)] >1-9,

which implies there is a fixing of the randomness of the
players so that

Pre, . (', ..., 2%) = f(a!,...,2F)] > 1 -4,

xR )~

which implies DfL( f) is at most R°(f).



